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Abstract

We study a dynamic moral hazard problem involving initial exploration followed by
exploitation, merging experimentation with dynamic corporate finance. We show how the
methods and conclusions of the experimentation literature change when considering the
exploitation phase’s non-monotonic payoff structure that arises naturally in the presence
of moral hazard and limited liability. In particular, the agent’s incentive constraints may
be slack during the exploration phase, which affects compensation dynamics and can

reduce inefficiencies from under-experimentation.

1 Introduction

Many economic situations are characterized by an initial phase of exploration, a breakthrough
that establishes profitability, and a subsequent phase of exploitation. For example, startup
firms often first come up with a working prototype of their product and, after successful
development, move on to mass production and sales. The goal of this paper is to study
the optimal contract design for such a multistage project. We highlight how the properties
of the optimal contract for experimentation hinge on the nature of the payoff structure in
the exploitation stage. Importantly, this allows us to connect the dynamic corporate finance
literature to the experimentation literature and show how both the methods and conclusions

of the latter may be modified.

Concretely, we consider a continuous-time contracting model of a multistage project that in-
volves an initial exploration phase, a breakthrough, and a subsequent exploitation phase. The
exploration phase is modeled as an exponential bandit problem. A deep-pocketed principal

hires a financially constrained agent protected by limited liability. Both players are ex-ante
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symmetrically uncertain about the profitability of the project, which may be good or bad.
To maintain tractability, we impose the standard assumption that a bad project can never
succeed so that success perfectly reveals that the project is good (Keller et al., 2005). The
principal incurs an operational flow cost to keep the project running. The agent can exert
effort, which increases the instantaneous success rate of the project. In most of our analysis,
we assume that the project can only succeed if the agent exerts effort. In the later part of the
paper, we analyze the implications of the possibility of success without effort. Effort is costly
to the agent and is unobservable to the principal. Thus, off the equilibrium path, deviations
by the agent can lead to differences in beliefs between the two players. Success is publicly
observed. If the project succeeds, it achieves a breakthrough, and the relationship transitions

into the exploitation stage.

The key feature of our model is that the shape of the exploitation value function (i.e., the
principal’s maximum exploitation profit that delivers a certain level of exploitation utility to
the agent) has important implications for the division of surplus between the players in the
exploration stage, which in turn determines the optimal contract design. To capture both the
prior literature on exponential bandits and a large literature in dynamic corporate finance,

we consider two cases regarding the shape of the exploitation value function:

Case 1) Downward-Sloping Exploitation Value Function

Suppose the breakthrough generates a fixed reward, and the production technology yields
no additional value afterward. Then, the two players split the fixed reward upon success,
so the principal’s exploitation value function must be affine and strictly decreasing in the
agent’s exploitation utility, as illustrated in Figure (a). This specification of the exploitation
value function is in line with the one considered in the prior literature on contracting with
exponential bandits (Bergemann and Hege, (1998, [2005; [Horner and Samuelson), 2013} Halac
et al., [2016).

Case 2) Inverted-U Shaped Exploitation Value Function

We will mostly focus on the case when the principal’s exploitation value function is inverted
U-shaped as in Figure (b) This specification for the shape of the principal’s exploita-
tion value function arises in several canonical models in the dynamic contracting literature
(Quadrini, 2004; Clementi and Hopenhayn) 2006; DeMarzo and Sannikov, 2006; DeMarzo
and Fishman) [2007alb; |Vereshchagina and Hopenhayn| [2009; [DeMarzo et al., |2012; |Fuchs
et all [2022)]]

Working with reduced-form payoffs for the exploitation stage allows us to highlight the broad

!See [Horner| (2013) for a clear exposition on why the principal’s value function takes this form in many
dynamic contracting environments.
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Figure 1: Exploitation Payoff Sets

applicability of our methods and findings.

Before discussing the results, we highlight that the contracting problem we study poses
two methodological challenges. First, the possibility of persistent private information can
complicate the analysis since it may make multistage deviations profitable (see, for instance,
Fernandes and Phelan| (2000))). E| Therefore, we modify the standard martingale approach to

account for the agent’s incentive to deviate from the effort recommendation.

Second, temporary incentive compatibility constraints may not always bind under the optimal
contract. Thus, it is restrictive to confine the analysis to contracts with binding temporary
incentive compatibility constraints. This precludes us from using some standard methods in
the continuous time contracting literature. Instead, we extend Grossman and Hart| (1983))’s
two-step approach and apply techniques in dynamic control theory to derive the optimal

contract.

Our analysis proceeds as follows. First, we solve for the optimal contract that incentivizes the
agent to exert effort until a fixed termination time. E| Second, we look for the termination
time that maximizes the principal’s expected total profit. Each step involves an optimal
control program, whose optimality conditions can be characterized by Pontryagin’s maximum

principle and dynamic envelope theorems.

2In our model, in the exploration stage, if the agent deviates from the principal’s effort recommendation
(which only occurs off the equilibrium path), the agent can acquire private information about profitability and
potentially enjoy an information rent afterward.

3 As discussed below, when the principal’s investment cost per unit time is sufficiently high, it entails no loss
of generality to restrict our attention to recommendations in which the agent exerts effort until the termination
time.



Our main result is that the optimal contract design crucially depends on the shape of the
principal’s exploitation value function. In particular, when the exploitation value function is
inverted U-shaped, the agent’s temporary incentive compatibility constraint may be slack for
a positive duration of time in the exploration phase. More strikingly, there exist a range of
parameters for which the temporary incentive compatibility constraint in the optimal contract
never binds throughout the entire exploration phase. In contrast, when the exploitation value
function is downward-sloping, the temporary incentive compatibility constraint must always

bind in the exploration phase under the optimal contract.

The intuition is as follows. When the principal’s exploitation value function is downward-
sloping, she finds it optimal to minimize the agent’s rent upon success. Therefore, at any
time in the exploration phase, the principal promises the agent the minimal rent upon success
required to elicit his effort, which results in binding temporary incentive constraints at all
times. In contrast, when the exploitation function is inverted U-shaped, the principal can
potentially benefit from promising an additional rent upon success. Therefore, it may be
profitable to “overcompensate” the agent with an exploitation utility that exceeds the minimal
level needed for incentive provision, which in turn might slacken the temporary incentive

constraint.

The shape of the exploitation value function has two additional implications for the optimal
contract design. First, we compare two environments: one with an inverted inverted U-
shaped value function and another with a downward-sloping value function. Furthermore,
assume that the principal’s profits attainable in the former are lower than those in the latter
for any promised exploitation payoff to the agent. Surprisingly, we show that the former can

still induce longer experimentation in the optimal contract.

Intuitively, when the principal’s exploitation value function is downward-sloping, she incurs
an additional shadow cost from extending the duration of experimentation. In contrast, with
an inverted U-shaped value function, the principal finds it less costly to promise additional
rent to the agent upon success. Consequently, she has less incentive to minimize the agent’s
exploitation utility by reducing the duration of experimentation, potentially reducing the
loss from under-experimentation. Thus, an inverted U-shaped value function, despite being
strictly lower, can induce more experimentation and reduce inefficiency in the optimal ex-
perimentation contract. This implies that when considering the duration of experimentation
contracts, we must consider not just the magnitude of the attainable ex-post values but also

their shape.

Second, when the principal’s exploitation value function is inverted U-shaped, the agent’s ex-

ploitation utility stays constant over a time interval when the temporary incentive constraint



is slack. In particular, if the temporary incentive constraint is always slack, the principal
implements the exploitation contract that maximizes her exploitation utility (i.e., promises
W* in Figure (b)) Heuristically, absent the temporary incentive constraint, the principal
strictly prefers to promise W* to the agent upon success in order to maximize her exploitation
profit. Therefore, until the temporary incentive constraint tightens and prevents her from
doing so, she promises the same exploitation utility to the agent for a positive duration of

time.

Our paper highlights the importance of considering the structure of exploitation payoffs when
designing incentives during the exploration phase and conducting empirical tests in environ-
ments that involve learning. For example, if the exploitation value function is downward-
sloping, the agent’s compensation for achieving a breakthrough increases over time, which
contradicts commonly observed compensation practicesﬁ In contrast, if the exploitation
value function is inverted U-shaped, our paper can provide a micro-foundation for “milestone
contracts” observed in the venture capital industry. Namely, the principal (e.g., venture cap-
italist) promises a fixed percentage of share capital to the agent (e.g., entrepreneur) if the
project meets a pre-specified milestone by a certain deadline. Thus, taking into account the

structure of exploitation payoffs may help generate more realistic predictions.

Our main analysis focuses on the case where the project can only succeed when the agent
exerts effort. Under this assumption, the temporary incentive compatibility constraint can
only be slack at the beginning of the exploration phase, which greatly facilitates the derivation
of the optimal contract. In the later part of the paper, we relax this assumption and show
that the temporary incentive compatibility constraint can be slack in multiple time intervals
in the optimal contract. In so doing, we provide additional insights on how the principal can

slacken the temporary incentive constraints to maximize her payoff.

Our paper builds on the prior literature on contracting with exponential bandits (Bergemann
and Hegel, (1998, [2005; [Horner and Samuelsonl 2013; |Halac et al., [2016). In these works, the
initial breakthrough generates a fixed reward and leads to the termination of the relationship
afterward. In contrast, we consider a general specification of the principal’s exploitation
value function that incorporates both the prior literature and the dynamic corporate finance
literature. By doing so, we show that the temporary incentive constraint may not always be
tight in the optimal contract and develop a general procedure that characterizes the optimal

contract.

Green and Taylor| (2016) analyze contracting for a multistage project in the absence of learn-

4In the venture capital industry, entrepreneurs’ shares tend to become diluted whenever new funds are
provided. see, for instance, Sahlman| (1990); [Lerner| (1995); |Gompers| (1995).



ing. They focus on incentivizing the agent to truthfully report an intermediate breakthrough,
which is privately observed by the agent. In contrast, we consider the case where the break-
through is publicly observable and instead face the challenge that the agent can privately
learn about the profitability of the project off the equilibrium path. Furthermore, we identify
conditions for which the temporary incentive compatibility constraint should be slack in this

environment.

Finally, Khalil et al.| (2020) also study contracting for a multistage project with exponential
bandits. More specifically, they study an adverse selection problem in which the agent has
private information about its effort cost, whereas we consider a moral hazard problem in
which the agent’s past effort choices are unobservable to the principal. Therefore, the two

papers are concerned with different information frictions.

2 Setup

2.1 Environment

Time is continuous and indexed by ¢ € [0,00). A deep-pocketed principal (referred to as
“she”) can contract with a cashless agent (referred to as “he”) to operate a project of unknown
profitability, denoted by 6 € {G, B}. A project with § = G is called a good project, whereas a
project with 8 = B is called a bad project. Both players are risk-neutral, live forever, discount
future payoffs at a common discount rate r > 0, and share a prior belief Py(0 = G) = 7 €
(0,1).

At t = 0, the principal offers a long-term contract to the agent, who can either accept or
reject it. If the agent accepts the contract, the principal will be committed to the contractual
terms afterwards. Let us heuristically outline how the “stage game” proceeds during the
infinitesimal time interval [t,¢ + dt]. At time ¢, the principal invests ¢ > 0 per unit time to
run the project. After the investments are sunk, the agent privately chooses to either exert
effort (a; = 1) or shirk (a; = 0). His flow effort cost at time ¢ is given by ca;dt for some
c > 0.

The project can either fail or succeed over the interval (¢,¢+ dt]. Project success is modelled
as a single jump process whose time-t instantaneous success rate is Aa; x lip—cy with A > 0.
Therefore, the project can potentially succeed at time t only if (1) the agent exerts effort at
time ¢ (i.e., a; = 1), and (2) Nature chooses a good project (i.e., # = G). Let 7 denote the
random time at which success occurs, with 7 = oo if the project never succeeds. In Section
we extend our analysis to the model in which the project can potentially succeed even

without the agent’s effort.



If the project fails, it generates zero flow revenues. Following a failure, the project can
either be continued or irreversibly terminated. We denote termination time by 7. Upon

termination, each player earns a zero reservation payoffﬂ

If the project succeeds, it leads to a breakthrough in the contractual relationship. Let us
provide an abstract, reduced-form representation of continuation play in the exploitation
phase. In particular, in case success occurs at time ¢, a player’s time-t continuation payoff
(i.e., the expected value of the player’s discounted future payoff beginning at time t) shall be

expressed as
W} for the agent, V (W,°) for the principal. (1)

Henceforth, we refer to WtS as the agent’s exploitation utility upon success at time ¢, and
V(-) as the principal’s exploitation value function. Verbally, V (W;%) represents the princi-
pal’s maximal continuation profit in the exploitation phase that delivers the agent Wts upon
success at time t. We require that W;° > 0, which reflects either the agent’s interim partici-
pation constraint or the limited liability constraint. This requirement precludes the first-best

outcome in which the principal “sells the enterprise” to the agent.

Throughout the paper, we impose the following regularity Assumption on the exploitation

value function:

Assumption 0. The principal’s exploitation value function V : Ry — R has the following

properties:
(i) The function V() is concave and differentiable with V' > —1.
(ii) The function V(-) has a unique maximizer W* > 0.

Both Conditions and are not overly restrictive and satisfied in many canonical models of
moral hazardﬁ These regularity conditions ensure that the principal’s optimization program

has a well-defined solution.

Let us formally define the players’ strategies in the exploration phase. A contract I' specifies
termination time 7" and a continuation plan W9 := {W;°};<7 in the exploitation phase, which

is a sequence of the agent’s exploitation utility WtS > 0 upon success at time tﬂ In response,

®All our main results continue to hold even when (1) the players’ reservation payoffs are assumed to be
weakly positive, (2) when the project generates positive flow outputs upon failure, or both.

5See, for instance, |Quadrini (2004)) and [Hérner| (2013)) for a lucid exposition as to why value functions in
many dynamic contracting papers are often concave and have a derivative weakly greater than —1.

"Since V' > —1, it entails no loss of generality to backload compensation until the exploitation phase.
Thus, even if we allowed the principal to pay nonnegative fixed wages to the agent in the exploration phase,



the agent chooses his action strategy a := {a;}i< a7 in the exploration phaseﬂ In keeping
with the prior literature on dynamic contracting with learning (DeMarzo and Sannikov, 2017}
He et al., 2017)), we confine our attention to pure strategies so that in equilibrium, all players
make the same inference about the past path of play. Moreover, for technical purposes, we
require that an action strategy a must be .Z-predictable, where .7 := {.%; };>¢ is the filtration
generated by the outcome process { 1< }t>0. This implies that the agent’s action choice a¢
at time ¢ depends only on the outcome history up to (but excluding) time ¢. Also, to maintain
tractability, we assume that the exploitation utility Wts must be absolutely continuous with

respect to timeﬂ

2.2 Contracting Problem

As is standard in the dynamic contracting literature, we focus on contracts with a front-loaded
effort recommendation, under which the agent is recommended to exert effort throughout the
exploration phase (i.e., a; = 1 for each t < 7 AT'). This restriction entails no loss of generality
if the principal’s investment cost ¢ > 0 per unit time is sufficiently largem At the beginning
of the supergame, the principal offers a contract I' that solves the following optimization

program:

AT
max E, [exp(—rT)V(WTS) X Lir<ry — z/ exp(—rt)atdt] (2)
a, T, W5 - 0

TAT
subject to: E, [exp(—rT)WTS X lirar) — c/ exp(—rt)atdt]
0

TAT
>E, |:eXp(—’l“7‘)Wf X lir<r) — c/ exp(—rt)&tdt] for any action strategy a,
0

(IC)

where [, is the expectation operator associated with the probability measure induced by an
action strategy a and the prior belief that Py(6 = G) = mp. Henceforth, the constraint (IC|)
shall be referred to as the full incentive compatibility constraint, which requires that the agent

must find it optimal to adhere to the strategy recommended by the principalE

the principal would find it suboptimal to do so.

8For any pair (t1,%2), we denote the minimum of ¢; and t2 by t1 A t2, and the maximum of ¢; and t2 by
t1 Vta.

9This requirement is useful when applying Pontryagin’s maximum principle, as it rules out discontinuity
with respect to time.

ONote that even for small i > 0, the principal always recommends a front-loaded effort recommendation
under fully observable effort, so it is natural to restrict our attention to this class of recommendations.

1By the full incentive compatibility constraint , the agent’s equilibrium continuation utility must be
higher than his continuation utility from always shirking, which yields the agent a continuation utility weakly



3 Reformulation of Contracting Problem

In Section |3, we modify the martingale approach & la [Sannikov| (2008]) to reformulate the
incentive compatibility constraint. This alternative representation allows us recast the con-
tracting problem as an optimal control problem. In so doing, we can make use of standard

techniques in optimal control theory to derive the optimal contract.

Let us first introduce additional notations. Denote by P the probability measure induced
by the agent’s action strategy a from the perspective of someone that knows that the project
is good. Let Ef denote the expectation operator associated with the probability measure ]P’aq
The probability measure P$ is a convenient tool to reformulate the incentive compatibility
constraint in the exploration phase because the agent’s past deviation has no effect on this
probability measure. Therefore, it allows us to apply the martingale approach even when the

agent’s deviation can create a divergence between the two players’ belief.

For any t < 7 AT, define

TAT
WE(T,a) :=ES |exp(—r(r —t))W?5 x Tr<ry — c/ exp(—r(s —t))asds ﬁ‘}] . (3)
t

to be the agent’s time-t equilibrium continuation utility under contract I', from the perspec-
tive of someone that knows that the project is good. Moreover, the process W&(T',a) :=
{WE(T,a)}i<rar is formally F-adapted, implying that the continuation utility under the
probability measure P& given in Equation is evaluated after the realization of the project
outcome at time t. Since success perfectly reveals that the project is good, we must have
WE(T,a) = W/ upon success at time t < 7T

The remainder of Section [3]is organized as follows. In Subsection [3.1] we derive the “promise-

” under the probability measure Pg, which describes the law of motion for

keeping constrain
the agent’s continuation utility W,%(T', @) under the probability measure P¢. In Subsection
3.2] we reformulate the full incentive compatibility constraint for contracts with a front-
loaded effort recommendation. In Subsection [3.3] we rely on these contractual constraints
to recast the original contracting problem as an optimal control program, and consider

another optimal control program that represents the more constrained version of the problem
2)-

higher than his reservation utility. Therefore, any incentive compatible contract must always satisfy the agent’s
ex interim participation constraints.




3.1 Promise-Keeping Constraint Under Probability Measure P¢

We next derive a bookkeeping equation that describes the evolution of the agent’s continua-
tion utility WtG(F, a) under the probability measure IP’,?. We rely on the martingale techniques
developed in the continuous-time contracting literature (Sannikov, [2008; Biais et al., 2010]).
For any t < 7 AT, consider an auxiliary variable that represents the time-t expectation of

his lifetime utility under the probability measure P¢':

AT
US(T,a) == ES |exp(—rT)W? x lrery — c/ exp(—rt)dt
0

%] . (4)

Note that this expression makes use of the front-loaded nature of the effort recommendation,
so that a; = 1 for all t < 7 AT. By the Law of Iterated Expectations, the process U (T, a) :=
{UF (T, a)}s<-ar must be a martingale under the probability measure P$ with respect to the
filtration .%. Since this filtration is induced by outcome histories, we can apply the martingale

representation theorem for point processes to U G(F, a) to yield the following result@

Lemma 1. For any contract T, there exists an .F -predictable process (T, a) := {BY (T, a) }y<rat
by which the posterior lifetime utility process U (T, a) under the probability measure IP’aG can

be represented as follows:

t
UZ(T,a) = US(T,a) + / exp(—rs)ﬁf(F,a){st - )\ds}, (5)
0
foranyt <tAT.
The proof of Lemma is standard and can be found in, for example, Biais et al.| (2010)).

The “martingale representation” given by Equation has the following economic interpre-
tation. After appropriately adjusting for discounting, the instantaneous change in U can
be expressed as the product of two terms: (1) an increment dN; — Adt that reflects whether
there was a jump at time ¢, and (2) a term B that reflects the sensitivity of the agent’s

continuation utility under the probability measure ]P’aG to success at time t.

Taken together, two Equations and imply:
t
UZ(T,a) = —c/ exp(—rt)ds + exp(—rt)WE (T, a),
0

for any t < 7 AT. After plugging the “martingale representation” given in into the left

12See, for instance, Theorem T9 on page 64 in Chapter 3 of [Brémaud| (1981).
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side of the equation above, differentiation yields the following law of motion:
AWE (T, a) = [rWE (I, a) — ABE(T, a) + c] dt + BC (T, a)dN,, (6)

for any t < 7 AT, where WE (', a) := li%n WS (T, a) represents the left-limit of the process
sTt

WE(T, a) with respect to time at t.

With a slight abuse of notation, we suppress the dependence on the contract I and let W&

denote the agent’s equilibrium continuation utility under the probability measure IF’aG after

G
the project has failed up to and including time t. Also, define a‘g;t to be its time derivative

given by the drift term in Equation @, and B to be the increase in the agent’s time-t

continuation utility under the probability measure P upon success at time .

In this notation, Equation @ states that the agent’s equilibrium continuation utility WtG
increases to WtG—i— BtG upon success at time ¢, which coincides with WtS by the definition given
in @ Moreover, Wg = 0, which reflects the agent’s reservation payoff upon termination. In

summary, we have:

8WtG = rWC — )\ﬁG +c for any t < T W& =0;
ot t t =5 T ’ (PKG)
Wo =wE +g¢ for any ¢t <T.

Henceforth, we refer to the system of equations in (PKG|) as the promise-keeping constraint
under the probability measure P$. The constraint keeps track of the principal’s utility promise
to the agent under the continuation contract, when evaluated on the basis of the probability

measure P&,

Since the boundary value problem in the first line of the constraint (PKG|) is linear, its

solution can be explicitly expressed as follows:

W& = /tT exp(—r(T —t)) (Asﬂf - caT> dr. (7)

Hence, once the termination time 7' > 0 and the sensitivity process 8¢ := {8 };<7 are
both determined, we may pin down the continuation plan W := {Wts }t<7 in the exploita-

tion phase based on the integral expression in and the promise-keeping constraint in

(PKT).

11



3.2 Temporary Incentive Compatibility Constraints

Let us make use of the sensitivity process 8¢ to reformulate the full incentive compatibility
constraint (IC)) under a contract with a front-loaded effort recommendation. To facilitate the
reader’s intuition, we begin with heuristic arguments and then continue by stating the more

formal result.

Consider a “discretized” version of our model in which the agent can adjust his actions only at
time points in 7 (A) := {0, A, 2A, ...}, where A > 0 represents a sufficiently short duration of
time. Fix any contract I' and an action strategy a in which the agent may potentially deviate
from the recommended action until time ¢ € 7(A) and exerts effort afterward. Under the
contract-action pair (I', a), for any outcome history in which the project has failed up to and
including time ¢ (< T'), define 7r,§4 to be the agent’s time-t belief that the project is good,
and 7} to be the principal’s belief that the project is good. By Bayes’ Rule, the belief pair

(zF, w{) obeys the following law of motion:

dol = — Mol (1 = alydt, dnf = —Ax (1 — 7f)dt for any t < T, ®)
md =gt = mo,

where Ay := A, is the instantaneous success rate of a good project at time ¢ implied by
the agent’s action strategy a. Note that the principal can never observe the agent’s action

strategy, so she updates her belief based on her recommendation.

After the project has failed up to time ¢ — A, the agent believes that a good project succeeds
once over [t — A, t) with approximate probability (1 — exp(—A;A)), and fails with residual
probability. Therefore, the agent’s expected continuation utility after the project has failed

up to time ¢ can be approximated as follows:
—ciy + it exp(—rA) ((1 — exp(—MA)Y(WE + 89 + exp(—f\tA)WtG>
T
—(1- 7rt‘4)c/ exp(—r(s —t))ds + o(A),
t

where the two approximations of the agent’s continuation value at time ¢ in the first line
(ie., W& + BY and W) are given by the promise-keeping constraint (PKG]) under the
probability measure PS. Therefore, the marginal increase in the agent’s time-(t—A) expected

continuation utility from exerting effort over [t — A, t) can be approximately as follows:

Tr;“(l - exp(—)\A)) exp(—rA)BE — ¢+ o(A). 9)

12



After dividing by A > 0 and letting A — 0, the expression above tends to:
)\ﬂ-iABtG —C,

which represents the continuous-time limit of the marginal increase in the agent’s expected

continuation utility from exerting effort at time tE

Assume that for almost every t < TE

BE > w (10)
at time t. Suppose, to the contrary, that the agent’s optimal strategy @ induces him to shirk
for a positive duration of time until time ¢ and exert effort afterward. It entails no loss of
generality to assume that the strategy @ induces the agent to shirk at time ¢ because we may
always redefine ¢ this way. Since the agent shirks for a positive duration of time before time £,
the agent must be more optimistic about profitability than the principal under the contract-
action pair (T, @) after the project has failed up to time  (i.e., 7124 > 77;3). Therefore, whenever
Condition is satisfied, the marginal increase in the agent’s expected continuation utility
from exerting effort )\7’[’%4 ,Bfe — ¢ at time £ is strictly positive, implying that the agent is strictly
better off by exerting effort at time ¢. However, this contradicts with the hypothesis that the
strategy a is optimal for the agent. Therefore, there exists no profitable deviation from the

principal’s effort recommendation.

Conversely, assume that the principal’s effort recommendation is incentive compatible. There-
fore, it must be sequentially rational for him to exert effort throughout the exploration phase.
Therefore, along the equilibrium path of play, the agent’s decision to exert effort must weakly
increase his expected continuation utility at time ¢, which implies that the inequality in
must hold true for any ¢t < T

The next lemma formalizes these intuitive arguments:

Lemma 2. For any contract I, it is optimal for the agent to always exert effort in the

exploration phase if and only if
B> —5 (TIC)

for almost every t < T.

BNote that since effort is .Z-predictable, the agent’s effort is chosen prior to the realization of the outcome
at time ¢.

M Consistent with the standard terminology in measure theory, “for almost every ¢(< 7)” means every time
except potentially on a time set with zero Lebesgue measure.

13



Proof. In the Appendix. O

In the dynamic contracting literature, the condition often is frequently called the tem-
porary incentive compatibility constraint (Green, 1987; Fernandes and Phelan [2000; |Kapicka,,
2013). Lemma [2| asserts that when checking the incentive compatibility of a contract with a
front-loaded effort recommendation, it suffices to consider only “temporary deviations,” i.e.,
alternative strategies in which the agent shirks at time ¢ and exerts effort all the other times

in the exploration phase.

Remark 1. [t is noteworthy that under a contract with a front-loaded effort recommendation,
the temporary incentive compatibility constraint forms a sufficient condition for the full
temporary incentive compatibility constraint . In many models on dynamic contracting
with persistent private information, it is crucial to account for the possibility of “double de-

viations,”

namely, that after having deviated from the past recommended actions, the agent
may face an additional incentive to further deviate from his recommended actionsﬂ In our
framework, once the agent deviates from the principal’s effort recommendation, he becomes
more optimistic about profitability and has a weaker incentive to shirk in the future. There-
fore, for any contract with a front-loaded effort recommendation, as long as the temporary
incentive compatibility constraint 1s satisfied in the exploration phase, it is sequentially

rational for the agent to exert effort even after having shirked in the past.

3.3 Optimal Control Problems

We recast the original contracting problem based on contractual constraints (PKG)),
(TIC), and the front-loaded nature of effort recommendations. By the Law of Iterated Ex-
pectations and direct computations, we may transform the problem in into the following

optimal control problem:

T

max [ﬂo/ exp(—(r + A\)7) (AV(WTG +B¢) - z) dr — (1 — mo) (1—exp(—7’T)> 7,] :
(89w T 0 T

s.t. (PKG),(TIC)

(11)

In the spirit of Grossman and Hart| (1983), we also consider a constrained optimization
program that induces the agent to exert effort until a given termination time 7" > 0. Formally,
for each T > 0, an incentive scheme Ir refers to a pair {(BY, W)} i<t satisfying both
contractual constraints and . In particular, for a given termination time T" > 0,

the constrained optimal incentive scheme 17 is the solution to the following constrained

15See, for example, [Fernandes and Phelan| (2000) for an earlier discussion of this issue.
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optimization problem:

(Bg,la;%) |:7I'0 /OT exp(—(r + M\)71) ()\V(WTG + 8% — ’L) dr — (1 —m) ( " i

1-— exp(—’rT)) ] ’

(12)

where the termination time 7" > 0 is taken as exogenously fixed in Subprogram .

4 Derivation of Optimal Contract

In Section [ we solve for the optimal contract, and show that the temporary incentive
compatibility constraint may not necessarily bind under the optimal contract. Let us outline
how we plan to proceed. In Subsection for each termination time 7" > 0, we analyze the
properties of the benchmark incentive scheme in which the temporary incentive compatibility
constraints bind at all times in the exploration phase. In Subsection we show that when
the principal has a downward sloping exploitation value function, the benchmark incentive
scheme considered in Subsection is constrained optimal given a termination time 71" > 0.
In Subsection we show that when the principal has an inverted U-shaped exploitation
value function, the temporary incentive compatibility constraint may not necessarily
bind at all times under the constrained optimal incentive scheme. Furthermore, we provide
a sufficient condition for which the temporary incentive compatibility constraint never binds

in the exploration phase.

4.1 Incentive Scheme With Binding (TIC)’s

For each termination time T" > 0, let I:];’

inding . _ {(ﬁf, W) V< denote the incentive scheme
in which temporary incentive compatibility constraints always bind in the exploration phase,

where

T
c
ﬁf = W, E? = /t exp(—r(r — t))()\ﬁf — C)dT, Ef = EtG +§tG (13)

for each t <T.

Verbally, when payoffs are evaluated based on the probability measure IP’aG, the term ﬁtG is the
sensitivity of the agent’s continuation value to success at time ¢ under the incentive scheme
I?inding, whereas E? is the agent’s continuation value after failure up to and including time
t under the incentive scheme I?inding. Also, W¥ represents the agent’s exploitation utility
upon success at time ¢ under the incentive scheme ITBinding. While the variables in (i.e.,

é?,wf , and wf ) depend on the termination time 7', we slightly abuse the notation and
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suppress their dependence on the termination time whenever no confusion arises.

The following lemma characterizes the agent’s continuation utilities induced by the incentive
Binding

scheme 7,

Lemma 3. (1) Under an arbitrary incentive scheme Iy with a given termination time T,
the agent’s continuation value W under the probability measure PS after failure up
to and including time t is weakly higher than th induced by Iﬁmdmg at any t < T.
Additionally, the agent’s exploitation utility W;° upon success at time t is weakly higher
than Ef associated with Iﬁmdmg forany t <T.

(2) The agent’s exploitation utility Ef associated with the incentive scheme I?inding strictly
increases in the timing of success, t.
Proof. In the Appendix. O

Lemma asserts that for any given termination time 7, continuation payoffs EtG and
wts induced by the incentive scheme I?inding impose lower bounds on time-t continuation
payoffs that can be induced by an arbitrary incentive scheme under the probability measure
IP’ac. Heuristically, if the principal raises the sensitivity term [3,50 of the agent’s continuation
utility under the probability measure PS¢ at time ¢, she must do so by promising a higher
exploitation utility WtS at time ¢, which in turn increases the agent’s continuation utilities
prior to time ¢ under the probability measure Pg. Therefore, slack temporary incentive
compatibility constraints lead to higher “rents” (i.e., W and W;%) for the agent under the

probability measure PS.

To develop intuition behind Lemma let us decompose W? := th + W¢ into two com-
ponents @tG and th . The first component &G reflects the compensation for the agent’s cost

of effort when effort choices are publicly observable. In this first-best case, the principal can

c
AT

at time ¢. Since both players grow pessimistic about the likelihood of success with the passage

extract full surplus by promising the agent an exploitation utility of BtG = —55 upon success
_ t

of time in the exploration phase, the principal must raise the agent’s exploitation utility ﬁtG

over time to accomodate for the lower chance of success. As a result, the first component ﬁtG

strictly increases in the timing of success, which in turn leads to the monotonicity of Ef as

well.

The second component th reflects the agent’s time-t expected information rent arising from
the possibility of belief manipulations when the agent is privately informed of his past effort

choices. In this case, the agent’s shirking can induce the principal to become more pessimistic
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than the agent in the future. Thus, under the first-best continuation plan {th}th in the
exploitation phase, the agent can expect to earn information rents by exerting effort only
when the exploitation utility level becomes sufficiently high, so he does not find it optimal
to exert effort at all times until termination. Therefore, in order to incentivize the agent,
the principal must promise him an additional exploitation utility th upon success at time
t.

Remark 2. If the project can potentially succeed even without the agent’s effort, the agent’s
time-t exploitation utility Ef induced by binding temporary incentive compatibility constraints
until a given termination time T' does not necessarily increase over time. Intuitively, under
this alternative specification, the agent can obtain moral hazard rents at each time even in
absence of learning (i.e., mo = 1). Therefore, in order to incentivize the agent far from
termination time T, the agent’s continuation utility EtG tends to drop faster near the termi-
nation time T, which may give rise to the non-monotonicity of the exploitation utility Ef

induced by binding temporary incentive compatibility constraints until the termination time T .

4.2 Case 1: Model With Downward Sloping V(+)

In Section[4.2] we consider the case in which the principal has a downward sloping exploitation
value function (as illustrated in Figure{I}(a)).

Definition 1. The principal’s exploitation value function V(-) is downward sloping if it

strictly decreases in the agent’s exploitation utility: V/(w) < 0 for any w € R;..

Definition |1 generalizes a salient property of the principal’s exploitation value function in
existing contracting models with exponential bandits (Bergemann and Hege, 1998, 2005}
Horner and Samuelson), 2013} Halac et al., |2016|). In these works, project success generates a
fixed surplus, which is subsequently shared between two players based on the initial contract.
Therefore, the principal earns a strictly lower exploitation profit if she promises the agent a

larger exploitation utility upon success.

The next lemma shows that when the exploitation value function is assumed to be downward
sloping, the temporary incentive compatibility constraint (TIC|)) must bind throughout the

exploration phase under the constrained optimal contract:

Lemma 4. If the principal’s exploitation value function is downward sloping, for each ter-

manation time T' > 0, the incentive scheme Iﬁmdmg with binding temporary incentive com-

patibility constraints is constrained optimal.
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Proof. In the Appendix. O

The intuition behind the lemma is as follows. If the principal has a downward sloping
exploitation value function and promises a strictly higher exploitation utility upon success at
time ¢, she must earn a strictly lower exploitation profit upon success at time t. Accordingly,
the principal finds it optimal to implement the incentive scheme I?inding, which delivers the

agent the minimal exploitation utility required to induce him to exert effort at any given time

by Lemma |3H(1)]
The next proposition summarizes the main results of Section

Proposition 1. Suppose that the principal’s exploitation value function is downward sloping.
Then, for any given termination time T > 0, the temporary incentive compatibility constraints
bind throughout the exploration phase under the constrained optimal incentive scheme. Addi-
tionally, the agent’s exploitation utility Ef n strictly increases in the timing of success,
t.

Proof. Immediate from Lemmata [3H{(2)[ and O

4.3 Case 2: Model With Inverted U-Shaped V(+)

In Section we show that when the principal has an inverted U-shaped exploitation value
function (as illustrated in Figure(b)), the temporary incentive compatibility constraint

(TIC) may not necessarily always bind at all times in the optimal contract.

Definition 2. The principal’s exploitation value function V (-) is inverted U-shaped if its

unique mazimizer W* is strictly higher than the principal’s reservation payoff: W* > 0.

By the regularity Assumption [0} it is straightforward to see that an inverted U-shaped ex-
ploitation value function is strictly increasing on [0, W*| and strictly decreasing on [IW*, 00).
This shape can be motivated by appealing to prior works on dynamic moral hazard (Quadrini,
2004; |Clementi and Hopenhaynl, 2006 |DeMarzo and Sannikovl, 2006; [DeMarzo and Fishman|
2007a,b; Vereshchagina and Hopenhayn, [2009; DeMarzo et al., 2012} Fuchs et al., [2022]).

The rest of Section [4.3|is organized as follows. First, in [4.3.1] we derive the general form
of the constrained optimal incentive scheme for any given termination time 7" > 0, under
which temporary incentive compatibility constraints may not necessarily bind at all times in
the exploration phase. Second, in we identify sufficient conditions for which temporary

incentive compatibility constraints never bind under the optimal contract[™]

16Recall from the definitions in Subsection that a “constrained optimal incentive scheme” are not mu-

18



4.3.1 Constrained Optimal Incentive Scheme

Let us derive the general form of the constrained optimal incentive scheme for a given ter-
mination time 7" > 0, under which temporary incentive compatibility constraints may not
necessarily bind at all times in the exploration phase. Given a termination time 7" > 0, our
candidate for the constrained optimal incentive scheme is denoted as Z7, under which the

agent expects to earn the following exploitation utility upon success at time t:
W .= max{W*, W7} (14)

Figure [2| shows the time trajectories of the optimal exploitation utility Wts* under hidden

effort, the minimal exploitation utility W7 induced by the incentive scheme I?inding, and the

C

exploitation utility —55 under observable effort.
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Figure 2: Time Trajectories of W* and W7

Based on the exploitation utility given in , the time-t contracting variables 3%* and

WtG* associated with the candidate optimal incentive scheme Z7 can be computed as follows:

T
Wi = / exp(—(r + A)(T = ) AW* — e)dr, p7* = WP — W (15)
t

for each t < T'. Note that the first equality follows from the definition given in and the
front-loaded nature of the principal’s effort recommendation, whereas the second equality
follows from the second line of the promise-keeping constraint (PKGJ|) under the probability

measure P&,

tually exchangeble with an “optimal contract,” under which the termination time is also optimally chosen.
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As a preliminary step, the next lemma shows that our candidate for the constrained optimal

incentive scheme Z7. is indeed incentive compatible:

Lemma 5. Under the candidate 17 for the constrained optimal incentive scheme, the tem-
porary incentive compatibility constraint is slack at any time t with Wf < W*, and binds at

all other times prior to termination.
Proof. In the Appendix. O

Intuitively, if the principal promises a higher exploitation utility at time ¢ than the minimal
possible level Ef and fixes the level of the agent’s exploitation utility for a positive duration
of time, the agent finds it less attractive to wait for the exploitation utility to go up at time

t. As a result, he has a stronger incentive to exert effort at time ¢.

In the next proposition, we verify our conjecture that the incentive scheme Z7 is indeed

constrained optimal:

Proposition 2. For each termination timel’ > 0, there exists a constrained optimal incentive
scheme 17 as defined by the agent’s time-t exploitation utility in . Under the constrained
optimal incentive scheme, the temporary incentive compatibility constraint is slack at time t
if and only if Kf < W* at time t.

Proof. In the Appendix. O

The heuristic argument for Proposition 2| is as follows. First, if wf < W* at time t as in
Panel (a) of Figure 3| the incentive scheme Z7. delivers the principal her maximal exploitation
profit V(W*) at time ¢, so no other incentive scheme can deliver a strictly higher exploitation
profit at time ¢ than Z7. does. Moreover, since the principal promises strictly more than the
level required to motivate the agent at any such time, Lemma [5| implies that the temporary

incentive compatibility constraint should become slack.

Second, let us suppose that W7 > W* at time t as in Panel (b) of Figure [3} By Lemma
the principal must promise the agent weakly more than Ets upon success at time ¢
under any incentive scheme. Moreover, by the concavity of the exploitation value function
V(+), it must be strictly decreasing on [W*, c0). Therefore, the principal’s exploitation profit
at time ¢ cannot be higher than V(IW?), which is the level induced by the candidate for the

constrained optimal incentive scheme Z7.
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() (b)

Figure 3: Two Cases for Proposition

4.3.2 Optimal Contract With Never Binding (TIC)’s

Proposition 2] shows that temporary incentive compatibility constraints may not necessarily
bind at all times in the constrained optimal incentive scheme given a termination time 7" > 0.
However, this still raises the possibility that when the termination time 7 is optimally cho-
sen, temporary incentive compatibility constraints might still always bind under the optimal
contract. To address this concern, the next theorem provides sufficient conditions for the ex-
istence of an optimal contract under which the temporary incentive compatibility constraint

never binds:

Theorem 1. Suppose that the principal’s exploitation value function is inverted U-shaped,

and that there exists a belief level m € (0,m) such that (1) \eV(W*) =1, and (2) (AL)W* >

sz~ Then, there exists an optimal contract in which the temporary incentive compatibility con-

straint never binds throughout the exploration phase. The contractual relationship proceeds as
follows. If the project keeps failing, the relationship terminates as soon as the players’ equi-
librium belief that the project is good reaches w. If the project succeeds prior to termination,
the principal implements her optimal continuation contract in the exploitation phase (i.e., the

one that promises W* to the agent in the exploitation phase) immediately upon success.
Proof. In the Appendix. O

To better understand this result, let us consider a class of contracts in which the principal
promises the agent an exploitation utility of W* upon success, regardless of success timing.
Since W* is the unique maximizer of the exploitation value function V(-), if the optimal
contract among this class of contracts happened to be incentive compatible, the principal

would implement this particular contract.
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The first condition AxV (W*) = i characterizes the principal’s optimal contract within this
class. In particular, it represents the first-order condition for the termination time, at which
the principal’s marginal gain AxV (W?*) from experimentation must become equal to the
investment cost ¢ per unit time. E| Therefore, in our candidate optimal contract, the principal
always promises W* to the agent if the project succeeds before her belief reaches m, and

terminates the relationship otherwise.

The second condition ( )\f;r)W* > = ensures the incentive compatibility of this candidate
optimal contract. In particular, the left side of the condition is a lower bound on the sensitivity
of the agent’s continuation value under the probability measure IP’aG to success at time ¢,
assuming that the principal always promises the agent W* upon success. The right side
of the condition represents the upper bound on the minimal sensitivity level necessary to
induce the agent to exert effort at any time prior to terimination. Therefore, the second
condition requires that under the candidate optimal contract, the agent’s continuation value
under the probability measure Pf must be more sensitive to success than the level required
to motivate the agent prior to termination. In turn, this implies that the temporary incentive

compatibility constraint must be always slack throughout the exploration phase.

5 Two-Step Procedure and Extension

Section [4] shows that in the optimal contract, temporary incentive compatibility constraints
may not necessarily bind at all times in the exploration phase. Therefore, the standard
approach, which is based on the conjecture that temporary incentive compatibility constraints
must bind at all times under the optimal contract, may not necessarily lead to the correct

form of the optimal contract.

The goal of Section [5]is to develop a solution method that characterizes the optimal contract
in a richer model. In particular, Section [f]concerns a setting in which the time-¢ instantaneous
success rate is given by (A — Ay + Ayar) X 1y—gy with A > A — Ay > 0. Thus, if Nature
chooses a good project (i.e., § = G), (1) success rates under the two action choices (i.e., A and
A — A)) are both weakly positive; (2) effort strictly increases the success rate of the project
(Ay > 0). Therefore, the model considered up to this point is a special case of this one with
A=A,

In the more general model in which with the principal earns V > 0 upon termination in the exploration
phase, the first-order condition with respect to the termination belief takes the following form:

ArV(W*) =i+ 1V,

where rV can be interpreted as the principal’s forgone interest from delaying termination per unit time in the
exploration phase. Hence, as long as either the opportunity cost of operation (i.e., ¢ + V) is strictly positive
in the exploration phase, there exist parametric configurations under which Theorem 1 hold true.
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When A > Aj, the project can potentially succeed even without the agent’s effort. Thus,
even in the absence of learning (i.e., 7y = 1), the agent can enjoy a moral hazard rent prior to
termination due to the unobservability of effort. As shown later in Lemma , this implies
that the agent’s exploitation utility induced by binding temporary incentive compatibility
constraints is not necessarily monotone in time, which makes it more challenging to derive

the optimal contract.
In this model, the time-t temporary incentive compatibility constraint (TIC|) must be modified
as follows:

c
— Ayl

By >

for almost every t < T.

The rest of Section [5] proceeds as follows. In Subsection we extend |Grossman and Hart
(1983))’s two-step approach to our dynamic environment. More specifically, we break down
the original contracting problem into two subprograms, and apply standard techniques in
optimal control theory to derive the optimality conditions associated with each subprogram.
This more general approach will allow us to handle the case in which the project can succeed

without the agent exerting effort, which we do so in Subsection

5.1 Solution Method

Step 1) First, we take a termination time 7' > 0 as given and solve for the constrained
optimal incentive scheme that induces the agent to exert effort until a given termination time
T > 0. Formally, in particular, for each 7" > 0, the constrained optimal incentive scheme Z7.

solves the the following “implementation Subprogram”:

J(T):= max /T Nexp(—(r + \)71)V(WE + %) dr. (16)
(89, w¢ 0

e fine

under the probability measure P%.

Since Subprogram is a standard optimal control problem, we can apply Pontryagin’s
maximum principle to derive the optimality conditions associated with it. After adjusting for
discounting and uncertainty, we can define the “present-value Lagrangian” associated with

the subprogram as follows:

«iﬂ(t? WtG75tGaM{)KG7M;HC) = /\V(Wt + 0y )‘H%?KG (TWtG_/\ﬁtG‘i‘C) +MtTIC (Bt A)\ﬂ' )
t

(17)
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where pfKG is the present-value multiplier associated with the promise-keeping constraint

(PKG) under the probability measure PS¢, and '€ is the present-value multiplier associated
with the temporary incentive compatibility constraint (T1C]).

In line with pioneering works by Dorfman| (1969) and Pontryagin et al. (1962), we shall
interpret the multiplier ufKG as the principal’s present-value shadow cost from delivering an
additional continuation value to the agent under the probability measure P& at time ¢t < T.
Similarly, the multiplier ,u;HC shall be interpreted as the principal’s present-value shadow
value of relaxing the temporary incentive compatibility constraint by a single “payoff unit”
at time ¢ < T, when the players’ expected discounted payoffs are evaluated on the basis of

the probability measure P¢.

Note that the exploitation value function V(-) is concave with respect to WtG, and the “con-
straint functions” (i.e., TW& — ABY 4 ¢ and BE — p-) are both linear with respect to we
=

Ay
and Y. Therefore, the following lemma characterizes necessary and sufficient conditions for

the solution to the implementation Subprogram:

Lemma 6. The incentive scheme (3%*, W) solves Subprogram if and only if there
exists a pair of multiplier processes (MPKG*, ,uTIC*) = {u! KG* utTIC*}tST satisfying the fol-

lowing conditions at all t < T,

(VO 587 ) oo
_ 02, WE* pE* P KGT TICT)
_. o
OEES ) (a4 g5 — PR cp
= (WE* + BE*) — b : (CE)
= 2 AT oy
pbRG" <0, pbKe” (WOG* — Eg) = 0. (CSC)
* * C
pt' =0, pte ( T p) =0, (CSCs)
ATt

where W§ = fOT exp(—rT) ()‘(ﬁcﬂf) - c) dr denotes the minimal level of the agent’s time-0
payoff under an incentive scheme, evaluated based on the probability measure P&. Moreover,
if the exploitation value function V(-) is strictly concave, the constrained optimal incentive

scheme yields the unique maximum of the implementation Subprogram ([16)).

Proof. In the Appendix. O
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The first requirement given by is the Kuhn-Tucker first-order condition associated
with the Lagrangian . It states that for any ¢ < T, the sensitivity ¢ of the agent’s
continuation value at time ¢ under the probability measure P¢ must be chosen so that the
principal’s marginal benefit from increasing S¢ must be equal to her marginal cost from doing
so. As a result, the sum of the marginal change in the principal’s value at time ¢ with respect
to ﬁtG and the shadow value from relaxing the temporary incentive compatibility constraint
at time ¢t must be equal to the shadow cost from delivering an additional utility to the agent
under the probability measure P at time t

The requirement given by is called the co-state equation associated with the multiplier
,uf KG* ' In particular, it states that for any t < T, the decrease in the agent’s equilibrium
time-t continuation utility per unit time under the probability measure IP‘aG must be equal to
the difference between the marginal change in the principal’s value with respect to WtG at
time ¢ and the shadow cost from delivering the agent an additional utility at time ¢ under

the probability measure P¢.

The complementary slackness condition associated with the time-0 multiplier ,uOP KG* (ICSCy))
asserts that the principal’s shadow value uOPKG* from increasing the agent’s expected dis-
counted payoff at time 0 under the probability measure IP’aG must be weakly negative, and can
be strictly negative only if the principal promises the minimal time-0 expected payoff Eg

required to incentivize the agent under the probability measure Pac.

Similarly, the complementary slackness condition associated with the time-t multiplier ,u;HC*
(ICSCy)) asserts that for any t < T, the shadow cost from the temporary incentive compatibility
constraint at time ¢ must be weakly positive, and can be strictly positive only if the constraint

binds under the optimal contract.

The next lemma shows that it entails no loss of generality to assume that MOPKG* =0

Lemma 7. Suppose that there exists an optimal quadruple (BG*,WG*,MPKG*,MTIC*) sat-

isfying conditions (PKG)), (TIC|), (FOC), (CE), (CSC4|), and (CSCal). Then, there exists

a pair of multiplier processes (,&PKG*,/]TIC*) such that 1) ﬁOPKG* = 0; 2) the quadruple

(BC*, WG pPRG® 5TICY) satisfies conditions (PKG)), (TIC), (FOC), (CE), (CSCi), and
(CSCy).

Proof. In the Appendix. O

8Tn most papers in the continuous-time contracting literature (Sannikov} 2008} [Biais et al.l [2010), the
optimal contract can be obtained by minimizing the sensitivity term AF at any time prior to termination.
However, this property does not hold true in our model because the intermediate breakthrough changes the
nature of payoff structure.
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Heuristically, if the the multiplier MOPKG* < 0, then the complementary slackness constraint

in implies that WOG * = Eg . A straightforward generalization of Lemma shows
that WOG”* = Eg is equivalent to the temporary incentive compatibility constraint binding
at all t < T . Therefore, the inequality WOG > EOG can be treated as a redundant constraint
and thus can be dropped, which allows us to set the Lagrange multiplier ugKG* = 0 without

loss of generality.

When coupled together with Lemmal[7], the Kuhn-Tucker optimality conditions characterized

in Lemma [6] can be simplified as follows:

Proposition 3. The incentive scheme (B, WE*) solves Subprogram if and only if for
all t <T,

AV (W 4 BE*) — /Ot exp(=A(T — )NV (WE* + gE)dr > 0, (18)

_,, TIC*
=iy

whose left-hand side /J,tT]C* must be equal to zero for any time t at which the temporary
incentive compatibility constraint is slack. Moreover, if the exploitation value function V(-)
is strictly concave, the constrained optimal incentive scheme yields the unique maximum of
the implementation Subprogram .

Proof. In the Appendix. O

Step 2) The second step is to choose the optimal termination time 7™ in the following

problem:
s |:7T0{J(T) B (1 - eXpﬁ;(;—l- )‘)T)>z} — (1 - ) (1_GXE(_TT))Z] : (19)

where J(T') is the principal’s value function associated with the implementation Subprogram

(16). We may apply the “dynamic envelope theorem” to obtain the following equations@

J'(T) = exp(—(r + NT)L(T,W&*, B&*, ulbKG" | iH1e™)
——
=0 (20)

= exp(—(r + NT) (AV(BF) = iS85 — o))

for each T' > 0, where ,u?KG* is the time-T" multiplier associated with the constrained optimal

198ee, for example, Theorem 9.3 pp. 252 Foundations of Dynamic Economic Analysis Optimal Control
Theory and Applications by |[Caputo| (2005]).
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incentive scheme that induces the agent to exert effort until termination time 7'.

This result has an intuitive interpretation. By marginally increasing the duration of exper-
imentation, the principal can expect to earn an additional profit of AV ( g *) at time T but
must also bear the extra shadow cost from delivering an additional flow utility of )\ﬁ:(ﬁ *—c
to the agent at time T, when the players’ continuation payoffs are evaluated on the basis of

the probability measure P&,

Taken together with the dynamic envelope result above, differentiation of the objective func-
tion with respect to termination time 7" in the optimization program yields the following

first-order condition:
MRV (BEE) —i = ab yPEE (ABEF — ¢), (21)

which must be satisfied as long as the optimal termination time T™ is strictly positive. The
left side is the principal’s marginal benefit from experimentation at time 7™ under fully
observable effort choices, whereas the right side reflects the principal’s shadow cost from

promising the agent an additional rent of )\Bgf — ¢ upon success at time T™.

5.2 Extension: Model With A > A,

Up to Section 4] we have assumed that A = A), so that the project can succeed at time ¢
only if the agent exerts effort at time ¢. In the current Subsection, we instead assume that

A > Ay, so that the project may succeed even if the agent does not exert effort.

5.2.1 Incentive Scheme With Binding TICs

Let us first chracterize the benchmark incentive scheme induced by binding temporary in-
centive compatibility constraints. As in Equation , for each termination time T" > 0, let
ITBinding = {(@ta,wf ) }t<7 denote the incentive scheme in which temporary incentive com-
patibility constraints always bind in the exploration phase. The next lemma characterize the
time trajectory of the exploitation utility induced by the incentive scheme I?inding:

Lemma 8. Under the incentive scheme Iﬁmdmg, there exists T € [0, T) such that the exploita-
tion utility Ets initially strictly increases in time over [0,7), and strictly decreases in time
over [1,T]. Moreover, for any € > 0, there exists a Ay € (0, \) such that for all Ay € (Ax, ),

the exploitation utility Ef initially strictly increases in time over [0, T — €.

Proof. In the Appendix. O
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Since 7 € [0,T), the exploitation utility W must eventually decrease in time. Therefore,

the incentive scheme I:,]%mdmg generates one of the following paths: 1) the exploitation utility

wf initially strictly increases in time up to 7, and strictly decreases in time afterward; 2)

the exploitation utility Ef strictly decreases in time.

To better understand the intuition behind Lemma 8] let us decompose the time-t exploitation

utility W under the incentive scheme Zb "™ as follows:

WS = A;Ttp + /tT exp(—r(r — 1) (A (A;P> —c)dr
_ ¢ +f<A—AA> (1—extp(—r(T—t))>7

AP Ay r

Static Agency Cost Intertemporal Agency Cost

+C(A)\>\> (1;;{3) <1—exp(—£r_—)\)\)(T—t)))’

Informational Agency Cost

(22)

where the second equality follows from direct computations.

In the terminology of Bergemann and Hege| (1998), the static agency cost refers to the agent’s
minimal continuation value upon success if the players interact for an infinitesimally short
time. This cost increases in the timing of success. Intuitively, both players become more
pessimistic as the project keeps failing, so the principal may need to raise the exploitation

utility over time in order to compensate the agent for the lower likelihood of success.

The intertemporal agency cost is the expectation of the agent’s all future rents from the
possibility of success, when the players have common knowledge about the profitability of
the project. This cost decreases in the timing of success. When A > Aj, the agent enjoys a
moral hazard rent at each time from the possibility of success even without exerting effort.
Thus, as the time left until termination diminishes, so does the expectation of the agent’s

future rents as well.

Finally, the informational agency cost is the agent’s expected information rent from any
potential divergence in the players’ beliefs. This cost is generally non-monotonic in the
timing of success. Intuitively, when the players’ beliefs 7/ and 7 are sufficiently close to
1, they update slowly with respect to time. Therefore, at such times, the agent gains little
from creating a difference in the two players’ beliefs. Also, when there is little time left until
termination, the probability of eventual success also becomes small, so the agent’s expected

future gain from any discrepancy in beliefs must approach zero.
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5.2.2 Case 1) Model With Downward Sloping V()

For each termination time 7" > 0, we study the constrained optimal incentive scheme when
the principal’s exploitation value function is assumed to be downward sloping. The following
analog of Lemma [4] holds true when A > Aj:

Lemma 9. If the principal’s exploitation value function is downward sloping, for each ter-

mination time T > 0, the incentive scheme Iﬁmdmg with binding temporary incentive com-

patibility constraints is constrained optimal.
Proof. In the Appendixm O

A heuristic argument is as follows. By hypothesis, the principal’s exploitation profit increases
in the agent’s exploitation utility. Moreover, a straightforward generalization of Lemma
shows that the incentive scheme ITBining induces the minimal exploitation utility required to
incentivize the agent throughout the exploration phase. In turn, for a given termination
time T' > 0, it is constrained optimal for the principal to implement the incentive scheme
Iginding.

5.2.3 Case 2) Model With Inverted U-shaped V(-)

As illustrated in Lemma [8 the exploitation utility wf induced by binding temporary in-
centive compatibility constraints is not necessarily monotone in time. Therefore, we use an
alternative way to derive the constrained optimal incentive scheme for a given termination
time 7" > 0. In particular, for each termination time 1" > 0, we construct three candidates
for the constrained optimal incentive scheme, and show that one of the candidates must be

constrained optimal.

First Candidate Under the first candidate I;yp ®! for the constrained optimal incentive
scheme, the principal always promises the exploitation utility of W* to the agent, if the
project succeeds prior to termination time 7" > 0. Since W* is the unique maximizer of V'(+),
no incentive scheme can deliver a strictly higher time-0 payoff to the principal than this first

Type 1 Type 1
IT IT

candidate . Hence, must be a constrained optimal incentive scheme if and only

if it satisfies the temporary incentive compatibility constraint at every ¢t < T.

Second Candidate In our analysis of the model with A = A, we modified the incentive

scheme I?inding with binding temporary incentive compatibility constraints so that the time-0

exploitation utility Wég* > W* under the constrained optimal incentive scheme. The next

20We prove both Lemmata and EI at the same time because the proof of the two Lemmata are effectively
identical.
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lemma suggests that in the model with A > A, we need to make similar adjustments to the

. . Bindi . . . . . .
incentive scheme ITm & to obtain a candidate constrained optimal incentive scheme:

Lemma 10. In any constrained optimal incentive scheme, V’(W@q*) < 0. If the temporary

incentive compatibility constraint is slack at time 0 (i.e., pg'" = 0), V/(Wg*) = 0.

Proof. In the Appendix. O

To better understand Lemma suppose, to the contrary, that V' (W@q*) < 0 in the optimal
contract. If the principal raises the agent’s exploitation utility at time 0, she can obtain a
higher exploitation profit at time 0. This would slacken the temporary incentive constraint
at time 0, and would have no effect on temporary incentive constraints in the future. Hence,

since this contract is improvable, this contradicts the optimality hypothesis.

By Lemma we consider an incentive scheme I;l:ypc % in which the agent earns the following

time-t exploitation utility:

s Jwrife<t,
Wy = S (23)
Wz ift >t

where t denotes the first time at which the exploitation utility Ef > W* under the original
incentive scheme ITBinding (if the exploitation utility Ef < W*, set t = o0). By arguining
similarly as in Lemmalf] it is straightforward to see that the temporary incentive compatibility

constraint is slack prior to ¢ and binds afterwards.

Third Candidate It is also possible that the first candidate I;ype ! may fail to satisfy
the incentive compatible constraint, and the second candidate Igype 2 s suboptimal. To
see why, suppose that (a) the continuation plan {W?¢ }<r in the exploitation phase induced
by I;ype s strictly decreasing over time as in Panel (a) of Figure 4; (b) the principal’s
exploitation value function V(-) increases steeply over [0, W*] and decreases gradually over
[W*, 00) with W3 < W* < W5, as in Panel (b) of Figure

Under these assumptions, it is not incentive compatible for the agent to exert effort under
the first candidate I;ype ! By Lemma it is straightforward to show that the agent’s
exploitation utility under any incentive incentive scheme must exceed E@g . However, since
the agent only earns W*(< Eg ) upon success at time 0, it cannot be sequentially rational

Type 1
IT

for the agent to exert effort at time 0. Therefore, the first candidate cannot be a

constrained optimal incentive scheme.

Moreover, the incentive scheme I;ype 2 s suboptimal. By hypothesis, the principal’s ex-

30



Agent’s
Exploitation Utility

we
wy
WSl T T Modified Incentive Scheme
r Incentive Scheme With Binding TICs
;72
XrT \
: Time
Principal’s (a) T
Exploitation Profit
3 1 3 | Agent’s
wk% WS ws qu Exploitation Utility

I

Figure 4: Case Where Neither I;l:y pel por I;l:yp 2 is Constrained Optimal

ploitation value function increases steeply over [0, W*] and decreases gradually over [IW*, co).
Thus, as shown in Panel (b) of Figure 4] the principal’s exploitation profit can become very

Type 2
IT

low near the termination time T under the incentive scheme . Therefore, the principal

I;l:ype % 50 that the temporary incentive compati-

can instead modify the incentive scheme
bility constraint binds in the earlier part of the exploration phase, and is slack in the later
part of the exploration phase. By doing so, the principal bears a relatively small cost from
promising the agent an additional exploitation utility in the earlier part of the exploration

phase, and reduces the cost in the later part of the exploration phase.

This case suggests that the principal can potentially benefit from further slackening the
temporary incentive compatibility constraints. The next lemma shows that the temporary

incentive compatibility constraint can be slack only if the principal can weakly gain from

31



delivering additional exploitation utility to the agent:

Lemma 11. In any optimal contract, V'(W;*) > 0 for any time t at which the temporary

incentive compatibility constraint is slack.
Proof. In the Appendix. O

To see why Lemma [TT]holds true, suppose, to the contrary, that the temporary incentive com-
patibility constraint is slack at some ¢ with V/(W;>*) < 0 under the optimal incentive scheme.
If the principal reduces the time-t exploitation utility W;>* by e > 0, the agent still has a
sufficient incentive to exert effort at time ¢. Furthermore, the agent becomes more motivated
to exert effort prior to time ¢ because reducing the time-t exploitation utility makes it less
attractive for the agent to wait until time ¢. Therefore, all the temporary incentive compati-
bility constraints are satisfied under this modified incentive scheme. However, the incentive
scheme makes the principal strictly better off without violating the incentive compatibility

condition, which contradicts the optimality hypothesis.

In the next proposition, we construct a constrained optimal incentive scheme for the case in

Type 2 . . .
IType is constrained optimal:

which neither the incentive scheme I;ype ' nor
Proposition 4. Suppose that (a) the principal’s exploitation value function is inverted U-

Type 1 Type
T yp
T

shaped, and (b) neither the incentive scheme nor Ly  is a constrained optimal

incentive scheme. Then, there exists a constrained optimal incentive scheme Igype 7 such that
for some time pair (t,t) with 0 <t <t < T, the temporary incentive compatibility constraint

binds over [t,t] and is slack in [0,t) U (¢, T]. Furthermore, there exists a Wsiack € (ﬁcﬂp, W)
T

such that in the constrained optimal incentive scheme , the agent’s exploitation utility

W = wgger for all t € [E,T).

Type 3
7 T

Proof. In the Appendix. O

In the constrained optimal incentive scheme in Proposition 4] the temporary incentive con-
straint binds for a positive duration of time, and becomes slack in the later part of the
exploration phase. Moreover, if the temporary incentive constraint is slack prior to time
t > 0 under the incentive scheme, the agent’s time-t exploitation utility under the incentive

scheme must be equal to W* for any t < t.

The next lemma shows how the shape of the principal’s exploitation value function affects
the design of the constrained optimal incentive scheme for a given termination time 7" > 0.

In particular, when the principal finds it more costly to lower the agent’s exploitation utility
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(i.e., V(-) increases steeper over [0, W*), the temporary incentive constraint can be slack for

a longer duration of time near termination:

Proposition 5. Consider two inverted U-shaped exploitation value functions Vi, and Vo such
that 1) both are mazimized at W*, 2) Va has a strictly higher derivative than Vi on [0, W*]
and the same derivative as Vi on [W*, 00), and 8) are strictly concave on Ry. Suppose
that when the principal’s exploitation value function is Vi, there exists t1 > 0 such that the
temporary incentive compatibility constraint binds on [t1 — €,t1] and is slack over (t1,T] in a
constrained optimal incentive scheme. Then, when the principal’s exploitation value function
is Vo, the constrained optimal incentive scheme under V1 is no longer constrained optimal,
and there exists ty € (0,t1) such that the temporary incentive compatibility constraint is slack

on [to, T] in a constrained optimal incentive scheme.

Proof. In the Appendix. O

6 Discussion

6.1 Implication For Termination Time

Let us explore how the shape of the principal’s exploitation value function affects her opti-
mal termination time. The next proposition shows that even if an inverted U-shaped value
function is strictly lower than a downward-sloping value function at every point, the inverted
U-shaped value function can still induce a longer termination time in the optimal contract

than the downward sloping value function:

Proposition 6. Suppose that when the principal’s exploitation value function is given by
V(W) = y— W} for some y > 0, it is optimal to terminate the relationship at time T}, > 0
in the exploration phase. Then, there exists an inverted U-shaped exploitation value function
Vi such that 1) Vi(W?) < Vp(WP) =y — W at every W;° >0, and 2) when the principal’s
exploitation value function is given by Vi(W}), it is optimal to terminate the relationship at

time T} > T}, in the exploration phase.
Proof. In the Appendix. O

The intuition behind this unexpected result is as follows. When the principal increases
termination time, the agent can potentially gain more from creating a divergence between
the two players’ belief, so the principal tends to bear an extra shadow cost from delivering a
higher exploitation utility to the agent. If the principal has a downward sloping exploitation

value function, the shadow cost is strictly positive because she finds it costly to deliver an
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additional exploitation utility to the agent. The positive shadow cost depresses her benefit
from implementing a longer termination time, so the principal has an incentive to prematurely

terminate the relationship.

By contrast, if the principal’s exploitation value function is inverted U-shaped, she finds
it less costly to deliver an additional utility to the agent. In turn, the principal incurs a
lower shadow cost from delivering a higher exploitation utility to the agent, which reduces
her incentive to prematurely terminate the relationship. Therefore, even when the principal
earns a strictly lower exploitation profit at any exploitation utility promised to the agent, an
inverted U-shaped exploitation value function often induces a longer termination time than

a downward sloping value function.

6.2 Optimal Contract in Absence of Learning

Learning is a natural feature of many real-world applications of multi-stage projects (e.g.,
venture capital), so we have assumed that the players are initially uncertain of project prof-
itability (i.e., mo € (0,1)). Yet, more generally, our model can be thought of as a model with
two phases, and the role played by the payoff structure in the second phase may be more
critical than the one played by learning in the first phase. To explore this possibility, let us
consider a model in which the players are no longer uncertain about profitability in the first

phase.

Lemma 12. Suppose that 1) both players are initially certain that the project is good in the
first phase (i.e., mo = 1), and 2) W* is the unique mazimizer of the value function V(-) in
the second phase. Then, in the optimal contract, the relationship is never terminated in the
exploration phase, and the principal delivers the exploitation utility max{$, W*} to the agent

upon the breakthrough.
Proof. In the Appendix. O

Lemma [12] shows that the temporary incentive compatibility constraint may be slack under
the optimal contract, even in the absence of learning. In particular, when the principal’s value
function in the second phase is inverted U-shaped with a sufficiently large maximizer W*, the
temporary incentive compatibility constraint is always slack throughout the first phase. In
contrast, when the principal’s value function in the second phase is downward sloping (i.e.,
W* =0), the temporary incentive compatibility constraint must bind at all times in the first

phase.

Nevertheless, one important difference is that without learning, the relationship is never
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terminated in the first phase. Therefore, the model without learning cannot speak to the

duration of experimentation in the first phase.

7 Conclusion

This paper examines a dynamic moral hazard problem involving an initial exploration phase
followed by an exploitation phase, which allows us to integrate the experimentation literature
with the dynamic corporate finance literature. Our findings highlight how the shape of the
exploitation value function can determine optimal contract design and overall welfare. With
a downward-sloping exploitation value function, the temporary incentive constraints must
always bind, leading to additional efficiency losses from under-experimentation. In contrast,
when the principal’s exploitation value function is inverted U-shaped, the agent’s temporary
incentive compatibility constraints may become slack during the exploration phase in the
optimal contract. This relaxation may occur over the entire exploration phase, and may
reduce inefficiencies from under-experimentation. Surprisingly, even when the principal’s
attainable profits are lower with an inverted U-shaped value function, the principal may still

induce more experimentation than when she has a downward sloping value function.

One fruitful extension is to consider a setting in which a bad project can potentially succeed
with strictly positive probability. In such a model, the first success does not fully reveal the
profitability of the project, and the players’ equilibrium posterior belief about profitability
keeps updating indefinitely. Therefore, solving this model is likely to involve keeping track of
the equilibrium posterior belief as an additional state variable, which considerably complicates
the analysis. Furthermore, there would no longer be a distinction between the exploration
phase and the exploitation phase, which is the focus of this paper. That being said, we believe
that many of our qualitative conclusions will continue to hold in this extension. We leave for

future research to verify this conjecture.

35



References

Dirk Bergemann and Ulrich Hege. Venture capital financing, moral hazard, and learning.
Journal of Banking € Finance, 22(6-8):703-735, 1998.

Dirk Bergemann and Ulrich Hege. The financing of innovation: Learning and stopping.
RAND Journal of Economics, pages 719-752, 2005.

Bruno Biais, Thomas Mariotti, Jean-Charles Rochet, and Stéphane Villeneuve. Large risks,
limited liability, and dynamic moral hazard. Econometrica, 78(1):73-118, 2010.

Pierre Brémaud. Point processes and queues: martingale dynamics, volume 66. Springer,
1981.

Michael Ralph Caputo. Foundations of dynamic economic analysis: optimal control theory

and applications. Cambridge University Press, 2005.

Gian Luca Clementi and Hugo A Hopenhayn. A theory of financing constraints and firm
dynamics. The Quarterly Journal of Economics, 121(1):229-265, 2006.

Peter M DeMarzo and Michael J Fishman. Agency and optimal investment dynamics. The
Review of Financial Studies, 20(1):151-188, 2007a.

Peter M DeMarzo and Michael J Fishman. Optimal long-term financial contracting. The
Review of Financial Studies, 20(6):2079-2128, 2007b.

Peter M DeMarzo and Yuliy Sannikov. Optimal security design and dynamic capital structure

in a continuous-time agency model. The journal of Finance, 61(6):2681-2724, 2006.

Peter M DeMarzo and Yuliy Sannikov. Learning, termination, and payout policy in dynamic
incentive contracts. The Review of Economic Studies, 84(1):182-236, 2017.

Peter M DeMarzo, Michael J Fishman, Zhiguo He, and Neng Wang. Dynamic agency and
the q theory of investment. The journal of Finance, 67(6):2295-2340, 2012.

Robert Dorfman. An economic interpretation of optimal control theory. The American
Economic Review, 59(5):817-831, 1969.

Ana Fernandes and Christopher Phelan. A recursive formulation for repeated agency with
history dependence. Journal of Economic Theory, 91(2):223-247, 2000.

William Fuchs, Brett Green, and David Levine. Optimal arrangements for distribution in
developing markets: Theory and evidence. American Economic Journal: Microeconomics,
14(1):411-450, 2022.

36



Paul Gompers. Optimal investment, monitoring, and the staging of venture capital. Journal
of Finance, 50(5):1461-89, 1995.

Brett Green and Curtis R Taylor. Breakthroughs, deadlines, and self-reported progress:
Contracting for multistage projects. American Economic Review, 106(12):3660-3699, 2016.

Edward J Green. Lending and the smoothing of uninsurable income. Contractual arrange-

ments for intertemporal trade, 1:3-25, 1987.

Sanford J. Grossman and Oliver D. Hart. An analysis of the principal-agent problem. Econo-
metrica, 51(1):7, 1983.

Marina Halac, Navin Kartik, and Qingmin Liu. Optimal contracts for experimentation. The
Review of Economic Studies, 83(3):1040-1091, 2016.

Zhiguo He, Bin Wei, Jianfeng Yu, and Feng Gao. Optimal long-term contracting with learn-
ing. The Review of Financial Studies, 30(6):2006-2065, 2017.

Johannes Horner and Larry Samuelson. Incentives for experimenting agents. The RAND
Journal of Economics, 44(4):632-663, 2013.

Johannes Horner. Comments on “Contracts”, volume 1 of Econometric Society Monographs,
page 172-176. Cambridge University Press, 2013. doi: 10.1017/CB09781139060011.007.

Marek Kapicka. Efficient allocations in dynamic private information economies with persis-
tent shocks: A first-order approach. Review of Economic Studies, 80(3):1027-1054, 2013.

Godfrey Keller, Sven Rady, and Martin Cripps. Strategic experimentation with exponential
bandits. FEconometrica, 73(1):39-68, 2005.

Fahad Khalil, Jacques Lawarree, and Alexander Rodivilov. Learning from failures: Optimal
contracts for experimentation and production. Journal of Economic Theory, 190:105107,
2020.

Josh Lerner. Venture capitalists and the oversight of private firms. The Journal of Finance,
50(1):301-318, 1995.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko. Mathematical
theory of optimal processes. John Wiley and Songs, 1962.

Vincenzo Quadrini. Investment and liquidation in renegotiation-proof contracts with moral
hazard. Journal of Monetary Economics, 51(4):713-751, 2004.

William A Sahlman. The structure and governance of venture-capital organizations. Journal
of Financial Economics, 27(2):473-521, 1990.

37



Yuliy Sannikov. A continuous-time version of the principal-agent problem. The Review of
Economic Studies, 75(3):957-984, 2008.

Galina Vereshchagina and Hugo A Hopenhayn. Risk taking by entrepreneurs. American
Economic Review, 99(5):1808-1830, 2009.

38



Appendix

Proof for Lemmal[d Consider an alternative strategy a := {a;};>0 such that the agent may
potentially deviate from the original effort recommendation up to time ¢ A 7 (i.e., for some
t € [0,t A 7], a; may potentially differ from a; = 1), and exerts effort afterward in the
exploration phase, i.e., a; = 1 for all t € [f AT, T]. Let 7%;4 denote the agent’s posterior belief
at time t that § = G induced by the strategy a.

Holding the project type fixed at 8 € {G, B} and the agent’s strategy fixed at its equilibrium
level @ after time £, the past history of the agent’s deviation has no impact on the probability
distribution over the future play after time #. Therefore, the agent’s continuation utility
from the alternative action strategy @ up to and including time ¢, and switching back to the
original recommendation after time ¢ can be written as:

Wi, a) = AW (T,a) + (1 - #HYWE(T, a), (24)

where WA (T, a) :=c (M) is the agent’s equilibrium continuation value at time ¢
in case Nature chooses a bad project (§ = B), for any t < T. Also, the time-f expectation of
the agent’s lifetime discounted payoff under the strategy a can be expressed as:

~

inr
U;(T,a) = — / exp(—rs)casds + exp(—r(t A T))W;, (T, a). (25)
0
Similarly, let ;' denote the agent’s posterior belief at time ¢ that § = G induced by the

recommended strategy a. Then, the time-f expectation of the agent’s equilibrium lifetime

discounted payoff can be expressed as:
inT .
Uil a) = — / exp(—rs)casds + exp(—=r(t AT))W;, (T, a).
0
where Wy(T', a) := 7/ WE(T,a) + (1 — 7 YW (T, a) represents the agent’s time-t equilibrium

continuation value for each ¢ < 7. Furthermore, by Equation and Lemma (1|, we can

show:

inr
Uy(T,a) = Up(T, a) + / exp(—rs) (8% + WC — st){st - Asﬂfds}
0
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Hence, the posterior lifetime discounted payoff given in (25)) can be rewritten as:

UxT,a) = /(:j exp(—rs)c{as — as}ds + exp(—rt) (VAV{(F, a) — Wi(T, a))

=U,(T,a)—U;(T,a) by Equation

R (26)
+U(T,a) + /Ot exp(—7s) (B¢ + WE — st){st - )wrfds}
=U;(T',a)
whenever ¢ < 7. Furthermore, we can show
exp(—r(i A 7)) (Wyn (T, @) = Wy, (T, )
_ /OW exp(_rs){ (As(wfi — AR — RaA (WE — W) + Agrl (WO — WS,))dS 2

+ (Ws* - Ws)dNS}7

where W, := 7l Wtq + (1 —x2)WE, and W, = ﬁfl Wtq +(1- ﬁﬁ)WtBi without a slight
abuse of notation. The equality follows from Ito’s product rule for point processes, the

definitions of W; and W}, and the laws of motion of 7/ and 7/,

By the law of iterated expectations (henceforth “LIE”), the agent expects to earn the following

lifetime discounted value under the alternative strategy profile dE-]

Oo(T,a) = Ea (Uf(r, a)) ~Uo(T, a) + E@(/Om exp(—rs)(8¢ + WE — st){st — AggA ds})
“LIE?

()
inr
—HE&(/ exp(—rs) ()\frsA_ﬂsG - c) (as — as)ds>,
0
where the second equality follows from equations derived in and . Since the process
{BE + Wtq — Wt— H>0 is F-predictable and the compensated process { Ny — fg f\sds}tzto is an

Z-martingale under the probability measure P; and has zero mean, the optional sampling

theorem implies that the underbraced expression (k) is equal to zero. Hence,

Uo(T,a) = Up(T, a) + IE&( /0 " exp(—rs) (Mr;‘_ BY — c) (as — as)ds). (28)

21Here, we make use the following fact: for any stochastic process such that X; = X, for some t > 7, we
can write X; = Xo + [;"" dX, for all t > 0.
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Suppose that Wf_ G > ALA for almost every ¢t < 7. Since the original effort recommendation
is front-loaded, the agent is weakly more optimistic than the principal (i.e., 7{* > 7}) after
any private history. This implies that for almost every t < 7, & ;4_ BE > A, after any private
history that can be supported under the probability measure P; induced by the alternative
strategy profile a. Hence, for almost every ¢t < 7, the integrand with respect to Lebesgue
measure in the last line of is weakly negative Ps-almost surely. By the optional sampling
theorem, the expectation with respect to P; in the last line of is weakly negative. Since
our choice of ¢, and the agent’s alternative action strategy was arbitrary, it must be incentive
compatible for the agent to exert effort prior to termination after any private history. This

establishes sufficiency.

Alternatively, suppose that there is strictly positive probability that 7Ttp, BtG < ﬁ for some
t < 7 on a time set of positive Lebesgue measure. We shall construct an alternative strategy
profile @ so that the integrand inside the expectation in the second line of is strictly
positive with strictly positive probability and nonnegative almost surely under the measure

P, induced by the equilibrium strategy a.

Choose t to be any time at which there is strictly positive probability P, that Wﬁ B¢ < 5
for some ¢ € [0,7] on a set of positive Lebesgue measure. Then, there exists ¢ > 0 such that
7rtP, BE < 5 — € for some t € [0,%] on a set of positive Lebesgue measure with strictly positive

probability under the probability measure P,. Fix any such € > 0.

For a fixed n > 0, consider an alternative strategy @ under which the agent shirks at any

time t € [f - n,ﬂ with 7Tf_ ﬂtG < § — ¢, and exerts effort otherwise. Clearly, for any BtG , the

A
plp

can find a sufficiently small = n(¢) > 0 such that (1) for any ¢ € [0,#] with )\7%;4_ B¢ > ¢,

ar = a; = 1; (2) there exists a time set of positive Lebesgue measure with )\frf, B¢ < ¢ and

function 7?1;4, B¢ is differentiable with respect to # The differentiability implies that we

a; = 0 # a; = 1. Thus, we can show that when n = n(e) > 0 is sufficiently small, the integrand
inside the expectation given in the second line of is strictly positive with strictly positive
probability on a time set of positive Lebesgue measure, and nonnegative almost everywhere
almost surely under the probability measure P; induced by the alternative strategy profile a.

This completes the proof. ]

Proof of Lemma[3 We start by proving the first part For a given termination time 7' > 0,
fix an arbitrary incentive scheme {(8F, W) }i<r that satisfies both Constraints (PKG)) and
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(TIC) at any t < T. By the integral expression given in , we have:

T T
W& .= exp(—r(s — 1)) (ABY —¢)ds. > exp(—r(s —1)) )\,BSG—C dt . (29)
e ) e

=W¢

for any ¢ < T. Combining the inequality with the temporary incentive compatibility
constraint (TIC|), we have:

W+ Bf > W + B¢ (30)
—_— —
::Wts ::wf

for any t <T. This completes the proof of the first part

We proceed by proving the second part Taking partial differentiation of Ef with respect

to time yields:

owy owe 0By ¢ G P P ¢
o ot o W A +C+(_Mt (1=m )> 8 <_ ,\(7rtP)2>
ow & P S——
=25 by D) @ _osf (31)
o
= rEtG >0

for all ¢ < T, where the equality in the last line follows from direct computations, and the
inequality in the last line follows from the fact that )\@G > ¢ and the definition of W¢ in
. This completes the proof. O

Proof of Lemmata [ and[9 By Proposition[3] it suffices to check that the following expression

is weakly positive:
t
WS = NV W) - [ exp(-A V(W dr
0

Since the principal’s exploitation value function V'(-) is downward sloping, it has a strictly
negative derivative everywhere, which implies that M;HC* > 0 for all £ > 0. This implies that

PKGx* TIC*)

the multiplier process pair (u " constructed above satisfy all the Kuhn-Tucker

conditions in Proposition (3| which completes the proof. ]
Proof of Lemma[5 We first derive alternative expressions for contracting variables associated

with the candidate optimal incentive scheme Z7., and analogous expressions associated with

the incentive scheme Z2 918 Tet TWG* denote the agent’s time-t continuation utility induced
T t g y
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by Z7, evaluated after failure up to and including time ¢ under the probability measure P&,
Also, define B&* to be the sensitivity of the agent’s time-t continuation utility induced by 17,

when the payoff is evaluated based on the probability measure PS. For each t < T, we have:
T
W = / exp(—(r + N (1 — ) AWS* — ¢)dr, S = W — WE™, (32)
t

Note that the first inequality follows from the definition given in and the front-loaded
nature of the effort recommendation, whereas the second equality follows from the promise-
keeping constraint under the probability measure P& @ Arguing similarly, we can obtain

the following expressions for W and @tg

T
W = [ exp(—(r+ N7 — ) (M2 = )ar, 57 = 1wF - WE. (3)
t
Let us proceed by showing that the temporary incentive compatibility constraint is slack at
time ¢t whenever Ef < W*. By definition of W;**, we have:
W — WP = max{W* — W? 0}.

Since the agent’s exploitation utility W7 strictly increases in time ¢ by Lemma the
difference W;%* — Wf between the agent’s exploitation utilities must be weakly decreasing in

time t. Moreover, we must have:

T
& = 57 =W =W = A [ exp(—(r+ ) = ) (W - w5 ar.

T
S(WS* — W) — A / exp(—(r + \)(r — t)dr x (W* — W), (34)
zkir(w*—m?) >0,

for any ¢t with W# < W*. The equality in the first line follows from the difference between S&*

and @f in and , whereas the inequality in the second line follows from the fact that

the difference W —Ef is weakly decreasing in time ¢. The inqualities in the last line follow

from the facts that (1) the integral in the second line is less than [ exp(—(r+\) (7 —t))dr =

rJlr)\ and (2) W = W* whenever W7 < W*. The chain of inequalities above show that
(&

tG > BtG = 5P SO the temporary incentive compatibility constraint is slack at time t.
- t

It remains to show that the temporary incentive compatibility constraint is slack at any time
t whenever Ef > W*. By the definition given in , WtS* = Ef* Furthermore, by
Lemma WS = W¥ for any 7 € [t,T]. Therefore, by and (33), we must have
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G — /BtG := 1p» Which completes the proof. O
- t

Proof of Proposition[3. Since Lemma shows the slackness of the incentive scheme Z7 at any
time with Ets < W*, it remains to establish its optimality. It suffices to show that V(Wts ) >
V (W), where W;® represents the time-t exploitation utility induced by an arbitrary incentive

scheme for a given termination time 7" > 0.

Let us consider two cases: 1) W7 < W* 2) W7 > W* If WP < W*, we must have
W5 = W* by construction. Since the value function V(-) is uniquely maximized at W*
by hypothesis (Assumption , we must have V(W >*) = V(W*) > V(W) in this case.
Alternatively, assume that Ef > W*. Therefore, we must have Ef * = Ets , which represents
the minimal level of the agent’s exploitation utility upon success at time ¢ by Lemma
Moreover, since V (-) is a concave function with a unique maximizer at W* by Assumption
|§| and W*(> W?) by hypothesis, the function V(-) must be downward sloping in [W#,0).
This implies that the maximizer of V'(-) over the set [W?,00) is W?, which completes the
proof of Proposition [2] O

Proof of Theorem [l We begin by proving that the contract described in Theorem [1] yields
the principal a weakly higher payoff than any other incentive-compatible contracts. Consider
a relaxed version (x) of the implementation subprogram without temporary incentive

compatibility constraints:

1—exp(=(A+7r)T)

T
max | /0 Nexp(—(r 4+ \)71)V(WE + 8% dr = < ) AV (W*) > J(T)

(8¢, WG At
s.t. (PKG)

(%)

for any T' > 0. The equality above follows from the fact that W* is the unique maximizer of
V(-) and direct computation, whereas the inequality immediately follows from the fact that

the new subprogram (*) is a relaxed version of the implementation subprogram in (11).

By the inequality above, the following expression must be weakly greater than the objective

function given in the optimization program ({11f):

- <1 - eXP7E+<;+ Am) (V) — i) — (1w (LR, (%)

for any given T' > 0. Verbally, the expression given in represents the principal’s maximal
expected discounted payoff from a contract (which need not be incentive compatible in the

exploration phase) with termination time 7.
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Since the principal’s expected discounted payoff in is strictly concave in termination time
T, we can use the following first-order condition to characterize the optimal termination time
TR elaxeq that maximizes the expected discounted payoff in with respect to T

Arpe  V(W*) =i, (36)

Relaxed

The first-order condition above asserts that in the relaxed contracting problem () without
the incentive compatibility constraint, it would be optimal for the principal to terminate the
relationship as soon as her equilibrium belief 7/ that the project is good reaches m. Since
this contract solves the relaxed program (x), it delivers the principal an expected discounted
payoff weakly higher than any incentive compatible contract. Furthermore, this contract also

coincides with the one described in Proposition [I} This establishes the first part of the proof.

We proceed by verifying that under the contract described in Theorem [I the temporary
incentive compatibility constraint is always slack throughout the exploration phase. Let us
invoke the definition given in to compute the agent’s time-t continuation utility from this

contract under the probability measure P

a a " TATﬁelaxed P
Wi =B, |exp(—r(T —1))W" X 1rcpey — c/ exp(—r(s —t))ds|F | ,
t
(37)
_ 1-— eXp(_()\ + T)(Tﬁelaxed — t) ()\W* o C)
A+

for any t < TR

elaxed*

By the promise-keeping constraint (PKG]) under the probability measure P, we can calculate

the sensitivity term S& under this contract:

By =W =W
T " A « % 1- eXp(_()‘ + r)(Tﬁelaxed — t))
_’I“+ )\W + <)\+7’> exp( ()‘+T)(TRelaxed t))W + < >\+T ¢
>0
>_" s C
“r4 A A

for any t < Tj where the last inequality follows from the initial hypothesis given in

elaxed’
Theorem [I] The inequality chain above shows that in the contract described in Theorem [1],
all the temporary incentive compatibility constraints are slack throughout the exploration

phase. This completes the proof. ]

Proof of Lemma [0 We consider the following auxiliary optimization program with an exoge-
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nously fixed level of the agent’s time-0 expected discounted utility:

T
J(w,T):= ma Xexp(—(r + N 1)V (WE + %) dr. 38
)= max [ Xexp(=(r+ NPV OVE + 5%)ar (39)
,,

G_
Wy =w

for each pair of termination time 7" and the agent’s time-0 expected discounted utility w

under the probability measure PS.

As the first step, we solve the auxiliary program . Since the exploitation value function
V(-) is concave and the constraint functions are linear in B¢ and W,®, Mangasarian suffi-
ciency theorer@ implies that the incentive scheme pair (ﬂG*,WG*) that satisfies ,
, WOG * = w solves Subprogram if and only if there exists a pair of multiplier pro-
cesses (uPKG™ TICYY = {(uPKG" [ TIC")Y, 1 satisfying requirements given by (FOQ), (CE),
(CSC4), and for a given pair (w,T).

As the second step, let us optimize over the agent’s time-0 expected discounted payoff w.
By Lemma EOG is the infimum of the time-0 expected discounted payoff that can be
promised to the agent, thus implying the additional constraint w > Eg . Moreover, since
the exploitation value function V'(-) is concave and the constraint set is convex, the function
J(w,T) derived from (38) must be concave in w. Therefore, the following Kuhn-Tucker con-
ditions are both sufficient and necessary conditions that characterize the optimal level of the

agent’s time-0 expected discounted payoff w*:

oJ(w*,T) oJ(w*,T) a
— =<0, —————(w"-Wy)=0
ow - ow (w” = W)
By the dynamic envelope theorem we must have W = ,uOPKG* when the latter is

evaluated at w = w*. Substituting this expression into the Kuhn-Tucker conditions above
establishes . If the exploitation value function is assumed to be strictly concave, it also
follows from Mangasarian sufficiency theorem that the solution described above is unique,
which completes the proof. O

Proof of Lemma[7. Suppose that there exists an optimal quadruple (ﬂG*, we* uP KG* NTIC*)

satisfying conditions (PKG), (TIC|), (FOC), (CEf), (CSCi)), and (CSCs). By Equations
(FOC)), and (CE), we have:

t
,ufKG* = exp()\t),uOPKG* — / exp(—A(s — t))V’(WSS)dt, ,u;HC* = —)\V/(Wts) + )\utpKG*.
0

22Gee, for example, Theorem 6.2 in [Caputo| (2005)).
28ee, for example, Theorem 9.3 in [Caputo| (2005).
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Define

t
A i [ e - )V WS
0
IO i ZXVI(WE) 4 ARG = 10 Xexp(A)bE >0,
where the last inequality follows u;HC* > 0 and ,uDPKG* < 0 by complementary slackness

conditions (CSC4|) and (CSCs|). Straightforward calculations show that ﬂOPKG* =0, and that
the quadruple (BG*, WG, pPKG ﬂTIC*) satisfies all the conditions in (PKG), (TIC|), (FOC),

(CE), (CSC4)), and (CSC,)), which completes the proof. O

Proof of Proposition[3 . Tt is immediate from Lemmata [6] and [7] that the incentive scheme
(B<*, W) solves Subprogram if and only if there exists a pair of multiplier processes
(MPKG*,MTIC*) — {MfKG*,MtTIC*}tST satisfying the following conditions at all t < T,

A (VIWE 4+ BE7) = ufRET) + il =0,
PKG*

(9/1 * * * *
= S = A (VW 4 BE7) = R bR =0, (39)
TIC* TIC* ( aG* ¢
/’Lt - /’Lt t A)\ﬂ_f
Assume that there exists a pair of multiplier processes (MPKG*, ,uTIC*) satisfying the three

conditions given by . Since the initial value problem described by the co-state equation
in the second line of is a linear differential equation with an initial condition, its solution

pP G must be uniquely given by the following expression:

t
MfKG* — _/ exp(—)\(T — t)))\V/(Wg* + ﬂer*)dT
0

for all ¢ < T. Plugging this expression into the Kuhn-Tucker first-order condition (FOC])
shows that

t
HEIS = AV (W 4+ 500 = [ exp(-A(r = )VIWE" 4 59
0

which must be non-negative by the complementary slackness condition (CSC,)).
Conversely, assume that ,utTIC* as defined as above is weakly positive for all ¢ < T'. It is easy

fKG* TIC*

to check that the multiplier pair process {(u e ) h<r as defined above satisfies the

three conditions given by , which completes the proof. O
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Proof of Lemma[8 Taking partial differentiation of Ets with respect to time yields:

ows _owg 087 o g P P c
ot o o~ A e (el (- al)) x (- 1)
a Vv N—
L Y ) = by @® _osf (40)
Bﬂ't
A— Ay
:rWtG—< A, )c,

where the last equality follows from direct computations. Also, we have:

W¢ .= /tT exp(—r (7 — t))()\ (A;P> - c)dT,

. (2}\) (1 W;tp) (1 exp(ﬁr_)\A)(Tt))) Le <)\ AAAA> (1 exp(Tr(T (:1)))) ,

where the equality in the second line also follows from direct computations. After plugging

in the explicit expression for th given in into the last line of and rearranging its

S
terms as necessary, we can see that a%t is positive if and only if:

(D) (=) () (52)0 e

Since the left hand side is strictly decreasing in ¢ over the entire real line, the derivative

S
a%t switches its sign at most once. In addition, as ¢t — T, the first term (eXp((T_’\)(T_t))_1>

r—X\

approaches zero, so the left side of the expression above becomes strictly negative. This

S
implies that for any ¢ sufficiently close to T, the derivative a%t is strictly negative. This

completes the first part of the statement.

Moreover, for a given € > 0, whenever A, is sufficiently close to A, the expression in ({42])
S

is strictly positive, which is equivalent to the fact that the derivative 8%t must be strictly

positive at t = T — €. Also, since the expression in (42]) strictly decreases in ¢, the derivative

S
a%i must be strictly positive at any ¢ € [0,7 — €], which completes the proof. ]

Proof of Lemma[10. Fix any incentive scheme associated for a given termination time 7' > 0.

Let us show that pf 86" > 0 for all t < T. Since uf®G" = 0 by the co-state equation (CE), it

remains to show that ! KG* weakly increases over time. By Proposition ur KG* must be

48



differentiable in time ¢. Also, the Kuhn-Tucker optimality conditions in Proposition [3 yields

aMfKG* PKG* 1177 G* Gx* TIC*
T‘:,)\O‘t VW + B ))\:,Mt > 0
(CE) \ele)
at any t < T. Therefore, ! KG* weakly increases over time.
By the Kuhn-Tucker first-order condition, we have:
PKG* G G TIC*
)\<Mt — V(W + B *)> < M

By hypothesis, uf'“* = 0 whenever the temporary incentive compatibility constraint is slack
at time ¢. Thus, for any such ¢, we must have V/(W*) = uP®G* which was already shown
to be non-negative. This completes the proof. O

Proof of Lemma[I1. Fix any optimal contract and the incentive scheme associated with it.

By the Kuhn-Tucker first-order condition, we have:

A( PKG* _ 17/ (7Gx 4 gG+ ) _ , TIC*
Ky W™+ 877 ) = 1
(FOC)
By hypothesis, uf'“* = 0 whenever the temporary incentive compatibility constraint is slack
at time t. Thus, for any such ¢, we must have V/(WS*) = uP®G* which was already shown

to be non-negative. This completes the proof. O

Proof of Proposition[f} Let us outline the proof of Proposition In Steps 1 and 2, we
construct a family of incentive schemes indexed by the agent’s exploitation utility wgeer €
( ﬁcﬂp, W*). For each incentive scheme, there exists some time ¢ after which the agent’s ex-
T

ploitation utility stays constant at wgger € ( W*). Moreover, the temporary incentive

compatibility constraint must be slack whenever ¢ € (¢,T], and binds at t € (t — ¢, t) for some
€ > 0. In particular, for each wgiaer € (ﬁ;];, W*), we establish the existence of a unique £
satisfying the requirements above. In Step 2, we describe the continuation plan in the ex-
ploitation phase associated with each incentive scheme, and indeed shows that the temporary
incentive compatibility is satisfied at each ¢ < T. Next, in Step 3, we show that under this
family of incentive schemes, the agent’s exploitation utility must continue to weakly decrease
over time once it started decreasing. In Step 4, we rely on the property derived in Step 3
to select a particular incentive scheme as a candidate solution. In Step 5, we establish the
optimality of our candidate solution based on the sufficient and necessary condition described

in Proposition [3
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Step 1) For each wgqer € [ 7, W*|, there exists a unique time t(wgjqer) > 0 such that:
T

a) there exists e > 0 such that Welaek — (1_8Xp(_£iy)(T_t))> (Awsgiqer — ) <
many t € [g(wslack) - Ea%(wslack)]~

1) s — (LT () >

Furthermore, the mapping ¢ :

¢ s
Aar? for infinitely

A;rtp for all t € [t(wsiaek), T

7, W*] — [0,T] that sends wslack to the unique time

W*] with t( ) =
T

[Am'r
satisfying the conditions above is dlfferentlable and decreasing on [ %%

0.

A P7

Define an auxiliary function:

h(ta wslack) ‘= Wslack — <1 — exp(_()\ ki T)(T — t)>) (Awslack - ) - ‘

r+A A)\Trtp'

Let us first establish uniqueness. Suppose, to the contrary, that there exists a pair (t1,t2)
with t; < to satisfying the properties in Step 1. Then, there exists a small € > 0 such that
h(te — €, Wsiqer) < 0, which contradicts the fact that h(ts — €, wgiaer) > 0 by the first property
in Step 1 for time ¢;.

We proceed by establishing the existence of t(wgjacr ). By construction, h(7T, wgaek) = Wsiack —

ﬁcﬂp > 0. Also, since the incentive scheme ITyp is also not constrained optimal, there
T

must exist a time ¢ at which the inequality in the next line holds true, so that the incentive
scheme IType ! is not incentive compatible:

0S* — (1exp(()\+r)(Tt)))()\W>k_c)_ c

T+ A AP (43)
1 —exp(—(A+r)(T—t
2o~ (EPECEDEZ) i = 0) = 5 = (00
t

where the inequality in the second line follows from the fact that wgjeer, < W* and (A(l_eXp(;(j;T)(T_t)))) <

TCWITD, W*], the set {t : h(t, wsaek) < 0} is non-empty with an
upper bound 7. It is straightforward to check that the supremum of this set satisfies both

1. Hence, for a fixed wgqer € |

properties (a) and (b) required in Step 1.

Let ¢(-) denote the function that sends wgger € | Ao p,W*] to the supremum of the set
{t : h(t,wsiack) < 0}. We wish to prove that the function t(-) is differentiable. Since the
function A(t, wgeex) is continuous in both arguments, assuming h(t(wsigek ), Wsiack) 7 0 leads

to an immediate contradiction to the fact that #(wgecr) = sup{t : h(t, wsiacr) < 0}, so we must
ah(i(wslaék)vwslack) —
t

have h(t(wsjack ), Wsiack) = 0. Furthermore, suppose, to the contrary, that
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0. Direct computations show that

th(E(wslack)a wslack:) . Q ah(i(wslack)y wslack)
o2 ot ot

9 1—n\ A
= a<e}>(p(—()\ + T)(T — t))()\wslack - C) - ( P > K) ’tzf(wslack)

T

:exp()\t)%

_ (ah(t(wslack)a Wilack)

ot
~ >0 - Wslack Z < P
=0 by hypothesis AT

) +rexp(—(A+7)(T —t)) (Awgger —¢) >0

T 27 (F —
Therefore, since ah(t(ws“g’;)’wmc’“) =0 and 2 h(t(w“‘lgﬁ)’w““k) > 0, t(wsigek) must be a local

minimizer of h(-, wgyaex) for a fixed wgeer. However, since t(wgiger) is the supremum of the
set {t : h(t,wgack) < 0}, for every € > 0, there exists ¢ € [t — ¢,7] such that h(t, wseer) <
0 = h(t(wsiack ), Wslack ), Which contradicts the fact that #(wgeer) must be a local minimizer
of h(-, wgger) for a fixed wgeer. Therefore, we must have ah(g(ws’“é’;)’w““’“) # 0 for any
Wslack € [ﬁﬂ;, W*]. Thus, we may apply the implicit function theorem to prove that £(-) is

C
A)JT,ZB’

a differentiable function in its domain | W*]. Furthermore, direct computations yield

8h(T7ﬁ) A=A _
=0 and —2" = (2382 ) ¢ > 0, which implies that #(5%p) = 7.

ye
AT

h(T

c
’ A)jr;)

Let us show that the mapping #(-) is a strictly decreasing function. Fix any wi,wy with
€5 < wyp < wy < W*. Then, by the continuity of h(-,-) in both arguments, h(t(ws),ws) =

P>
AT

0. Moreover, since the function h(t, w) strictly increases in w, we must have h(f(wz),w;) < 0.

Hence, for any # in a sufficiently small neighborhood of #(ws), h(f,w1) < 0 by the continuity
of h(-,-) in both arguments. Then, by the construction of ¢(-), we must have t(w;) > t(w2)..
This completes the proof of Step 1.

Step 2) For each wgqek € [ W*], we construct a candidate for the optimal continuation

C
A>\7r¥ ’
plan {W;° (wgjaer) }e< in the exploitation phase as follows. Then, for each t € [0, T, define:
(a) For any t € ﬁ(wslack)a T]> set Wts(wslack) = Wglack-

(b) For any t < #(wgaek ), construct W% (wsiaer) 0 that the temporary incentive compatibility

constraint binds at ¢ :

_ c t(wslack) c _
Wts(wslack> = W+/t exp(—r(7 —1t))(A <A)\7TP> — ¢)dt + exp(—r(t(wsiaek) — )W,
t T

where W< )= fsz rock) exp(—(r + A (7 — H(Wsiack))) (AWsiaer — ¢)dT is the agent’s time-

Z(wslack
t(wsiaek) continuation value under the probability measure Pg. By construction, the ex-

o1



ploitation utility process {W}° (Wslack) ft<T satisfies the temporary incentive compatibility
constraint at any ¢t < 7T
(c) If W§ < W*, then define:

W*if t < z(wslack%
Wts(wslack) = ~ (44)
Wts ift > i(wslack%

where t(wgqcr) denotes the first time at which the exploitation utility Wts > W* under the
original incentive scheme I?inding (with t(wsiger) = 0 if WOS > W* ). An argument similar to
the proof of Lemma 5| shows that the exploitation utility process {W;° (Wslack) }t<T satisfies

the temporary incentive compatibility constraint at any ¢t < T'.

S ~
Step 3) We claim that for each wgyer € (ﬁcﬂp, *), if W > < 0 for some t €
T =
n 8WS slac T
[t (wstack)s E(wstack)], then 2Vilbsteck) < for all ¢ € [£, E(wgaen))-

Suppose, to the contrary, that there exists wgyqer € (TCWP, W*) such that
T
aWtS (wslack) aWtS (wslack)
_ <0 ——
ot t=t ot t=to

for some pair (t1,t2) with t; < to. It entails no loss of generality to assume that ¢ is the first
S S

time at which W becomes weakly positive after time ¢;. Therefore, W <

0 for all t € (ti,t). Furthermore, for all t € [t(wsiack), t(Wsiack)], define WE (wiaer) :=

W (Wstaek) — ﬁcﬁf to be the agent’s equilibrium continuation value after failure up to time

C
A)\ﬂ'f

strictly increases in t on [t(wsiack), L(Wslack )], the fact that the exploitation utility W% (wsiaer)

t, evaluated from the perspective of somebody who knows the project is good. Since

is strictly decreasing on [ty, 2] implies that W& (wsjqer ) must be strictly decreasing on [t1, ta].

The same set of computations as in yield:

aWtS (wslack) 8Wts (wslack)
ot <0= ot

t=t1
we must have Wt?(wslack) < (’\ZfA> €< Wg(wslack) by the computation above. However,

r —

for all t € [t(wslack)ag(wslack)}- Since

by hypothesis,
t=to

this contradicts the fact that W strictly decreases on [t1, o], which completes the proof of
Step 3.

Step 4) For each wgjqer € [ﬁ, W*], we also define the candidate multiplier pair associated
T
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with the solution as follows:

exp(—A(t(wsiaek) — )V (Wstack) + ftt(w”“’“) exp(=A(1 — t)AV' (W2 (waiger) )dT
:U’fKG(wSIaCk) = if ¢ < f<wslack)
V,('wslack) if t > E(wslack)

N?lc(wslack) = _AV/(WtS(wslack)) + )\MfKG(wslack) ift <T.
(45)

Let us show the existence of a wj, ;. € (157 — W*) such that pd™®%(w?,, . ) = 0. In particular,

we first prove that p{®%(W*) < 0 and ,LLP KG( < ) > 0 and apply the intermediate value

theorem to establish the existence of our desired w? Then, we select {W; (w?,..) <7 as

slack*
our candidate for the constrained optimal continuation plan in the exploitation phase.

Let us show that the continuation plan W;%(W*) > W* in the exploitation phase at all t < T..

Suppose, to the contrary that WS(W*) < W* for some £ < T. Since W, (W*) = W* for all

t > T(W*) by definition, £ < £(W*). Since Wtfw*)(W*) = W* and W (W*) < W*, the mean-
~ S * ~ ~A =

value theorem implies that there exists ¢ such that E’Wtai(tw) _> 0 for some t € [t,t(W*)],

t=t
S * -
which in turn implies that Wtai(tw) > 0 for all t € [t(W*),£(W™*)] by Step 3. However,

this is absurd. If ¢(W*) = 0, then the strict monotonicity of W;*(W*) on [t(W*),T(W*)]
implies that W;¥ (W*) < W* for all [t(W*),£(W*)], which contradicts the definition of t(TW*).
Alternatively, if t(W*) > 0, W;W*)(W*) = Wf‘?w*)(W*) = W*. However, this is impossible
because W (W*) strictly increases in t on [t(W*),#(W*)]. Hence, W7 (W*) > W* at all

t<T.

Furthermore, W;°(W*) > W* for a positive duration of time by the hypothesis that the
first candidate Igype ' for the constrained optimal incentive scheme is not implementable.
Therefore, V/(W,;7(W*)) is weakly negative at all + < T and strictly negative for a positive

duration of time, which implies that

t(wsiack)
s K (W*) = exp(=A(E(wsiaer) — 1)V (W*) + /t exp(—\(T —t))AV/(WE (W*))dr < 0.

Let us show that pl®( ACWP) > 0. Observe that {W;( A:ﬂ 7 ) }i<7 is the exploitation utility
T T

process induced by the second candidate I;y P2 for the constrained optimal incentive scheme.
Define:

c

MTIC = AVI(WS () - /0 exp(—A(r — )NV (WS () )ar,

A,\WT A)\T"T
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which is the “hypothetical multiplier process” induced by the second candidate IType % for

the constrained optimal incentive scheme. Since ITyp 2 is assumed to be suboptimal, Propo-
sition |3| implies that there must exist some ¢; € [0, T such that M ¢ <.

As an intermediate step, we provide a “phase-diagrammatic” argument to show that M; R

0 for all t € (t1,T]. Suppose, to the contrary that there exists ty € (¢1, 7] such that Mglc > 0.
We may assume without loss of generality that fo is the first such time after ¢;. Partially

differentiating M; with respect to time yields:

oMI1c OWE (5p)

— S c
o = VW (AM{F’)) ot !

C
< 0 for all t € (t1,t2) to derive a contradiction. Observe that
W (—~p)
V"(-) < 0 by concavity. Furthermore, let us show that % < 0 for all t € (t1,t2).
WS (—~p)
If + > 0 were to hold true for some t' € (t1,t2), Step 3 would imply Wt (

We wish to show that 8]\{%

A 7r )
is weakly increasing in ¢ over [0,t], which in turn implies that W;° > W* for all [0, ]

Therefore, V/(W;?) < 0 for all [0,#]. Hence, the definition of M}’® implies that it must

be weakly positive, which contradicts our hypothesis that it is Strlctly negative. Therefore,
WP (p
% < 0 for all t € (t1,t2). Finally, since t9 is the first time such that Mglc > 0 after

TIC
t1, METC < 0 for all ¢ € (t1,t2). Hence, % <0 for all t € (t1,12).

C <Oforallte (t1,t2), MTIC is strictly
negative by the mean—value theorem. However, thls contradicts our hypothesis that Mgl ¢ >
0, which shows that M7¢ < 0 for all t € (1, T]. Hence, M:,:CIC < 0, which implies:

However, since My, TIC is strictly negative and 2

G
1§ G

c , T y
Kop) = OP(AT) <V( AwT)+ /O exp(— AT)AV (I (AMT))dT> . (46)

— TIC
_—MT

Hence, uPKG( < ) > 0, and pd®¢(W*) < 0. By construction, uf % (wy,ex) is continuous

with respect to wslack Hence, the intermediate value theorem implies that there exists w3, .. €

(A P,W*) such that pd%%(w?,, ) = 0.

Step 5) By Proposmonl it suffices to show that ] 7% (w ack) = 0 forall t € [0,T]. Suppose,
to the contrary, that there exists t; € [0,(w?,,)] such that p] ¢ (w?*, ) < 0. Under this
hypothesis, almost exactly the same “phase-diagrammatic” arguments used in Step 3 to
show MI1¢ < 0 for all t € (t1,T] can be carried over to show that MT(IC ck)(leaCk) < 0.
However, this contradicts the fact that ,uT(I ¢ k)(wzl wek) = 0 by the definition in (45]), which
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completes the proof. O

Proof of Proposition[5 The proof of Proposition [5] heavily relies on the construction and
methods given in the proof of Proposition [4] so it is useful to read the proof of Proposition [

before going over the remaining part of the proof of Proposition[5] In Step 1, we show that

when the principal’s exploitation value function is V5, neither the incentive scheme I;ype !

nor I;ype % is a constrained optimal incentive scheme. This allows us to apply Proposition

[ to construct the unique constrained optimal incentive scheme under V5. In Step 2, we
show that the temporary incentive constraint is slack on [t;, 7] under the unique constrained
optimal incentive scheme under principal’s exploitation value function V; for each ¢ = 1,2,,

and also that to < 7.

Step 1) We claim that when the principal’s exploitation value function is Va, neither the

Type 2
IT

incentive scheme Z"*°" nor is a constrained optimal incentive scheme. Suppose,

to the contrary, the incentive scheme IJT«ype ! is constrained optimal when the principal’s

I;y Pel must satisfy the in-

Type 1
IT

exploitation value function is V5. Hence, the incentive scheme

centive compatibility constraint. However, this implies that the incentive scheme is
constrained optimal even when the principal’s exploitation value function is V4. If this is true,

then the constrained optimal incentive scheme under V; cannot be optimal because I;ype !

does strictly better, which contradicts our hypothesis.

I;ypez is constrained optimal when the

T 2
Wts L ype

Suppose, to the contrary, the incentive scheme
principal’s exploitation value function is V5. For each t < T, let denote the agent’s
time-¢ exploitation utility process associated with the incentive scheme Z}Y*°? . Since V;(-)
is strictly concave, Proposition [3|implies that the incentive scheme described in the statement
of Proposition [5] is the unique solution to the implementation Subprogram. The uniqueness
of the solution implies that the incentive scheme I;ype 2 cannot be constrained optimal when
principal’s exploitation value function is V7, so there must exist ¢ < 0 such that the expression

in the first line must be strictly negative:
= AVI(W ) — / exp(-A(r — DRV s
> -y - [ exp(-A(r - D)V dr
where the inequality in the second line follows from the initial hypothesis that V] () is weakly
greater than V;(-) at all points. Therefore, since the first line is strictly negative, the inequal-

ities above imply that the last line must be strictly negative. However, since the incentive

scheme I;ype 2 is assumed to be constrained optimal, Propositionimplies that the last line

95



must be weakly positive. This contradiction proves Step 1.

Type 2

Type 1
1y nor Z,,

Step 2) Since neither the incentive scheme is a constrained optimal
incentive scheme under a strictly concave exploitation value function Vs, there exists a unique
constrained optimal incentive scheme as described in Proposition [4| under V5. Moreover, the
proof of Proposition 4 shows that both the constrained optimal incentive scheme under V; and
the one under V5 must belong to the family of incentive schemes as described in Step 2) of
the proof of Proposition 4} In particular, there exists w} € [ﬁcﬂ,}” W*] such that the incentive
scheme {W;°(w})}i<7 is constrained optimal under the exploitation value function V;. This
implies that when the principal’s exploitation value function is Vi, the time-0 multiplier
associated with the promise-keeping constraint under the incentive scheme {W;* (w})}i<r is

zero, which can be formally expressed as follows:
_ t(wy) s
0 = exp(—At(w]))V{(w]) + / exp(—=AT)AV] (W7 (w]))dr
0
_ t(wy) s
<esp(-NIVi(wi) + [ exp(-ArAV(OVE (wi)dr,
0

where the strict inequality follows from the fact that 1) w] € [TCW;, W*| and 2) V4 (w) is
weakly greater than V{(w) for all w > 0, and strictly greater whenever w € [0,W*]. This
implies that when the principal’s exploitation value function is Vs, the time-0 multiplier
associated with the promise-keeping constraint under the incentive scheme {W;® (w})};<r is
strictly higher than zero. Moreover, by arguing analogously to Step 4 of Proposition 4 we

can establish the following inequality:
_ t(W™)
exp(— At (wi)) V] (W) —l—/ exp(—=AT)AV] (W2 (W*))dr < 0
0

Therefore, by the intern}ediate value theorem, there must exist wj € (wj, W*) such that
exp(—At(wd)) V5 (wd) + fg(w@ exp(—AT)AVY (W2 (w3))dr = 0. Arguing as in Step 5 of Propo-

sition 4| shows that the incentive scheme {W;® (w3)};<7 is uniquely constrained optimal.

Moreover, by the definition given in Step 2 of the proof of Proposition [4], for each i = 1,2,
the temporary incentive constraint is slack on the time interval [t(w]), T| under the incentive
scheme {W;° (w?)};<r. Hence, for each i = 1,2, t; = t(w}) in the statement of Proposition
Since ¢ is a strictly decreasing function by Step 1 of Proposition |4 and wj < w3, we must

have t9 < t1, which completes the proof.

O]

Proof of Proposition [0 First, let us assume that the principal’s exploitation value function
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is Vp(W®) = y — W for some y > 0. Since the value function is downward sloping in W},
the temporary incentive compatibility constraint always binds throughout the exploration
phase in the optimal contract. Therefore, the sensitivity of the agent’s exploitation utility

to success must be equated to the minimal possible level: ﬂ%’: = . Furthermore, since

J
)\Tl';*

Vj’j(WtS) = —1 for all W > 0, we can use the co-state equation to obtain:
K" = exp(AT) — 1 (47)
for any given T' > 0. Therefore, the first-order condition in can be written as follows:
AWITDBy —c—i=c(exp(\TH) — 1)(1 — W]TDB). (48)

when T7%, is the optimal termination time under the downward sloping value function Vi (W;°).
Since the shadow cost from delivering an additional utility on the right hand side of the last
equation is strictly positive, the principal prematurely terminates the relationship when her

belief WIEB is strictly above the first best threshold level m}}‘ s = C/\—*;
irst Best

Fix any 7 € (74

P . CHi
. TI'TB) and let y := 5. Observe that

c+i c+i
y=~—7p =y,
« A =
)\T‘—TFirst Best T
where the strictly inequality follows from = > wﬁ* . Hence, y > y. Define an inverted

First Best
value function Vi(-) as follows:

—a (W =Wy —W* WS <W*
VIOWE) =S —ap(WS —W*)2 4y —W* it WS e (W*, W)
Yy+y) —wf it WP > Wy,

where the parameters W*, Wi, a1, and as are respectively given by:

_c Y-y y— W+ B 3

W wi=wrr L g =
)\71'7 1 + , ai (W*)2 )

3

It is easy to verify that the function Vj is concave and differentiable everywhere, has the
unique maximizer W* = 1=, and is strictly less than the function Vp(WP) =y — W7 for

every Wts > 0.

Let us show that under the value function Vj, the relationship proceeds as follows in the
optimal contract. If the agent succeeds, the principal implements her optimal exploitation

contract (i.e., delivers W* to the agent upon success) immediately upon success. The rela-
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tionship is terminated if the agent keeps failing until the principal’s belief is equal to = < WTIFDB'
This implies that the termination time under the value function V; must be strictly longer

than the termination time under the value function Vp.

Since the minimal sensitivity to induce the agent to exert effort at the termination time is
equal to = = W*, the exploitation utility induced by the contract described above coincides
with the one given in . Therefore, the contract is incentive compatible by Lemma

It remains to show that the contract does better than any incentive compatible contract.
For any fixed termination time, an incentive compatible contract can do no better than a
contract contracts that always delivers W* to the agent upon success. Moreover, among all
the contracts that always deliver W* to the agent upon success, the optimal termination

belief satisfies the following first condition with respect to termination time:

Ax V(W*) = i.

Since the contract above satisfies the optimality condition above, it does strictly better than

any incentive compatible contract, which completes the proof. ]

Proof of Lemma[13. First, we show that it is optimal for the agent to exert effort under the
contract described above. By computation, the agent’s equilibrium continuation value after

failing up to and including time t can be calculated as:

max{\W* — ¢, 0}
r+ A '

wg .= /000 exp(—(A + r)t) (A max{W*, ;} —c)dt =

If W= < £, the sensitivity BE = 5= W of the agent’s time-t equilibrium continuation value
to success is equal to §, which is exactly the minimal level required to incentivize the agent.
If W* > £, the sensitivity BE == W* — W of the agent’s time-t equilibrium continuation
value to success is equal to %jjc, which is greater than § by the hypothesis that W* > +.
Therefore, the contract described above is incentive compatible.

We verify whether the contract described above is indeed optimal. First, let us assume that
W* < 5. By this hypothesis, the principal’s value function V' in the second phase must be
strictly decreasing on the interval [, 00). Since the agent must be promised at least § upon
success to exert effort, this implies that there cannot be any incentive scheme that improves
upon the one that promises § upon success. Second, let us assume that W* > {. Since W*
is the unique maximizer of V'(-), no incentive scheme can improve upon one that promises

W* upon success. This completes the proof. O

58



	Introduction
	Setup
	Environment
	Contracting Problem

	Reformulation of Contracting Problem
	Promise-Keeping Constraint Under Probability Measure PGa
	Temporary Incentive Compatibility Constraints
	Optimal Control Problems

	Derivation of Optimal Contract
	Incentive Scheme With Binding (TIC)'s
	Case 1: Model With Downward Sloping V()
	Case 2: Model With Inverted U-Shaped V()
	Constrained Optimal Incentive Scheme 
	Optimal Contract With Never Binding (TIC)'s


	Two-Step Procedure and Extension
	Solution Method 
	Extension: Model With >
	Incentive Scheme With Binding TICs
	Case 1) Model With Downward Sloping V()
	Case 2) Model With Inverted U-shaped V()


	Discussion
	Implication For Termination Time
	Optimal Contract in Absence of Learning

	Conclusion

